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1,1  Objective 

This  report  is  concerned  with  the  problem  of  calculating  the  trans¬ 
port  properties  of  moderately  dense  gases,  For  one-component  gases  the 
transport  properties  of  interest  are:  the  coefficient  of  thermal 
conductivity  X,  the  coefficient  of  shear  viscosity  n  and  the  coefficient 
of  self-diffusion,  D.  For  brevity  we  shall  follow  the  literature  in 
referring  to  these  transport  coefficients  simply  as  thermal  conductivity  X, 
viscosity  ti  and  self-diffusion  D, 

The  theory  predicts  that  the  first  density  correction  to  the  transport 
coefficients  of  a  gas  can  be  represented  by  a  term  linear  in  the  density 
.  Thus 


X  “  Xq  +  X^n  +  •  •  *  , 

n  =  n0  +  n^n  +  .  .  .  ,  QL.1) 

nD  =  DQ  +  D^n  +  .  .  .  , 

In  this  report  we  express  the  density  as  the  number  of  molecules  n  per 
unit  volume.  The  mass  density  p  is  related  to  the  number  density  n  by 
p=nm,  where  m  is  the  mass  of  the  individual  molecules. 

The  coefficients  X^,  ti^  and  represent  the  transport  properties 
in  the  limit  of  low  densities?  in  practice  they  are  adequate  at  atmos¬ 
pheric  and  subatmospheric  pressures,  A  description  of  the  dynamic 
behavior  of  low  density  gases  is  based  on  the  Boltzmann  equation.  The 
transport  coefficients  X^,  and  are  then  obtained  by  solving  the 
linearized  Boltzmann  equation  according  to  a  procedure  introduced  by 

*  For  a  bibliography  see:  M.  H,  Ernst,  L.  K.  Haines  and  J,  R,  Dorfman, 

Rev.  Mod.  Phys.  41,  296  (1969). 
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Chapman  and  Enskog  [1,2].  The  approximate  nature  of  the  Boltzmann 
equation  is  twofold.  First,  the  Boltzmann  equation  considers  only 
uncorrelated  binary  collisions.  As  a  consequence  the  transport 
properties  AQ,  nQ  and  Dg  of  the  dilute  gas  are  determined  by  collision 
integrals  involving  the  dynamics  of  collisions  between  two  molecules 
alone.  The  Boltzmann  equation  also  neglects  the  interaction  range  a  of 
the  molecules  relative  to  mean  free  path.  Thus  the  flux  of  energy, 
momentum  and  mass  is  wholly  attributed  to  the  flux  associated  with  the 
free  motion  of  the  molecules  between  collisions. 


In  this  report  we  focus  our  attention  on  the  calculation  of  the 

coefficients  A  ,  n1  and  that  determine  the  first  density  corrections 

to  the  transport  properties.  These  new  coefficients  cannot  be  obtained 

from  the  Boltzmann  equation  itself,  and  we  need  to  consider  appropriate 

corrections  to  the  Boltzmann  equation  in  order  to  account  for  the  dense 

gas  effects.  In  view  of  the  complexity  of  this  task  we  shall  restrict 

ourselves  in  this  report  to  a  calculation  of  these  coefficients  for  a 

gas  of  hard  spherical  molecules  with  diameter  a  and  mass  m. 

The  coefficients  and  are  to  be  regarded  as  the  sum  of  two 

KU  UK  KU  UK 

terms.  First,  they  contain  a  contribution  X1  +  A1  and  , 

respectively,  due  to  the  difference  in  position  of  two  molecules  during 

a  collision;  this  effect  was  neglected  in  the  Boltzmann  equation. 

kk  me 

Secondly,  A  and  contain  a  contribution  A^  ,  that  accounts  for  the 

correlations  in  the  positions  and  velocities  of  the  molecules  due  to 
successive  collisions  among  three  molecules  [3] . 


,  .  KK  ,  KU  ,UK 

A^  =  A^  +  A^  +  A^ 


KK  ,  KU  UK 
nl  =  ^l  +  ni  +  ni 


Cl.  2) 
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VTJ  TJX'  JfTJ  UJf 

The  contributions  X^  +  A^  and  are  well  known  for  a  gas  of  hard 

spheres.  They  are  proportional  to  the  dilute  gas  values  of  the  trans¬ 
port  properties  and  were  rederived  in  Part  I  [3]. 


. KD  ,  .UK  4  3. 

Xi  +  =  -gTTCT  XQ 


KU  UK  8  3 

ni  +  ni  *  15™  ^ 


(1.3) 


These  terms  incorporate  the  transfer  of  energy  and  momentum  between  two 
molecules  during  a  collision;  this  transfer  is  often  referred  to  as 
collisional  transfer  [1].  Since  there  is  no  collisional  transfer  of 
mass,  the  first  density  correction  to  the  self-dif fusion  is  to  be 
attributed  completely  to  collisions  among  three  molecules. 

For  a  gas  of  hard-  spheres  the  initial  density  dependence  of  the 
transport  properties  can  thus  be  written  as 


X  =  Xq  +  {-grro^Xg  }  n  , 

n  -  nQ  +  {jj‘,ra3n0  +  >  n  ,  d.4) 


nD  =  D  +  D,n  . 
o  1 

In  a  previous  technical  report,  Part  I  of  this  series  [3],  we 

,KK  KK 

have  demonstrated  how  the  coefficients  ,  ri^  and  are  deter¬ 
mined  by  sets  of  three-particle  collision  integrals  that  are  related  to 
various  types  of  collision  sequences  involving  three  molecules.  It  is 
the  purpose  of  the  present  report  to  show  how  one  may  evaluate  these 
three-particle  collision  integrals.  Based  on  this  work  we  shall 
present  tables  of  the  contributions  to  the  transport  properties  from 
the  various  three-particle  collision  sequences. 
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1.2  Molecular  Collision  Sequences 


Before  entering  into  a  detailed  discussion  of  the  three-particle 
collision  integrals,  we  want  to  familiarize  the  reader  with  the  types 
of  molecular  collisions  that  are  to  be  considered  in  the  calculation 
of  the  transport  properties. 

For  a  calculation  of  the  coefficients  Xq,  Hq  and  in  (1-4)  it 
is  sufficient  to  consider  the  dynamics  of  a  binary  collision  between 
two  molecules.  For  the  sake  of  the  discussion  we  represent  such  a 
binary  collision  schematically  by  the  diagram  in  Fig.  1.  The  lines  in 
this  diagram  represent  the  trajectories  of  the  centers  of  the  molecules, 
and  the  circles  represent  the  molecules  themselves  at  the  instant  of 
contact.  Just  as  in  Part  I  [3],  we  adopt  again  the  convention  that  in 
all  figures  the  time  increases  when  the  diagrams  are  read  from  bottom 
to  top  as  indicated  by  arrows  on  the  particle  lines .  Thus  and  y2 


Figure  1.  Schematic  representation  of  a  binary  collision  between 
molecules  1  and  2.  The  lines  represent  trajectories  of 
the  centers  of  the  molecules  and  the  circles  depict  the 
molecules  themselves  at  the  time  of  contact. 
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in  Fig.  1  are  the  velocities  of  molecules  1  and  2  before  the  collision 
and  and  v^  the  velocities  after  the  collision.  The  transport 
properties  in  the  dilute  gas  limit  are  determined  by  collision  inte- 
grals  whose  integrands  depend  only  on  the  velocities  v^,  v^  and 

v'  v*  before  and  after  a  binary  collision.  For  a  gas  of  hard  spheres 
l'  2 

these  binary  collision  integrals  were  discussed  extensively  in  earlier 

technical  reports  [4,5]  and  they  will  be  summarized  in  Section  2.1. 

KK  KK 

The  transport  coefficients  A^  ,  rt^  and  are  determined  by 
collision  integrals  whose  integrands  depend  on  the  molecular  velocities 
before,  between  and  after  successive  collisions  among  three  molecules. 

As  a  result,  the  three-particle  collision  integrals  can  be  represented 
by  collision  diagrams  in  very  much  the  same  way  as  the  binary  collision 
integrals  were  represented  by  the  diagram  of  Fig.  1. 

A  preliminary  analysis  and  evaluation  of  three -particle  collision 
integrals  was  made  earlier  by  Sengers  [4,6,7].  This,  and  subsequent 
work  reported  in  AEDC-TR-71-51  [5] ,  showed  it  to  be  advantageous  to 
make  a  distinction  between  "genuine  triple  collisions"  and  "successive 
binary  collisions". 

We  define  a  genuine  triple  collision  as  a  collision  during  which 
more  than  one  pair  of  molecules  lie  inside  each  other's  interaction 
range.  Now,  in  a  gas  of  hard  spheres,  the  duration  of  an  individual 
binary  collision  is  negligibly  brief  compared  to  the  time  between 
successive  collisions;  therefore,  genuine  triple  collisions  would  never 
physically  occur  in  such  a  gas.  Nevertheless,  genuine  triple  collisions 
will  play  a  very  significant  role  in  our  considerations  here.  The 
reason  is  that  the  Boltzmann  equation,  from  which  the  dilute,  hard 
sphere  gas,  transport  coefficients  A^,  r)^  and  DQ  are  calculated. 
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considers  all  binary  collisions,  including  those  in  which  the  region 
occupied  by  the  colliding  pair  of  molecules  is  already  partly 
occupied  by  a  third  molecule.  This  latter  type  of  collision  is 
evidently  a  "genuine  triple  collision",  in  the  sense  defined  above. 

Thus,  in  correcting  the  Boltzmann  equation  results,  it  is  necessary 
to  assess  and  subtract  out  the  contributions  of  these  physically 
forbidden  genuine  triple  collisions.  The  situation  here  is  very  much 
analogous  to  that  in  equilibrium  statistical  mechanics,  wherein  the 
ideal  gas  equation  of  state  is  corrected  by  assessing  and  subtracting 
out  contributions  frcan  physically  forbidden  excluded  volume  configu¬ 
rations  [8] . 

In  so  considering  genuine  triple  collisions  in  a  gas  of  hard 
sphere  molecules,  we  find  it  convenient  to  introduce  several  new 
notions.  We  shall  say  that  two  hard  spheres  whose  centers  are  separated 
by  a  distance  equal  to  0  are  "colliding",  and  two  hard  spheres  whose 
centers  are  separated  by  a  distance  less  than  0  are  "overlapping".  We 
define  an  "overlap  collision"  to  be  a  collision  between  two  molecules 
which  occurs  while  at  least  one  of  the  two  molecules  is  overlapping 
with  a  third  molecule.  We  further  distinguish  between  a  "single-overlap 
collision"  and  a  "double— overlap  collision" ,  according  to  whether  the 
third  molecule  overlaps  with  just  one  or  with  both  of  the  colliding 
molecules .  The  notion  of  overlap  collision  was  introduced  in  earlier 
technical  reports  [3,5,9].  Such  overlap  collisions  are  evidently 
genuine  triple  collisions.  They  may  be  regarded  as  accounting  for 
"excluded  volume"  effects,  or,  in  the  language  of  Part  I,  for  the 
"statistical  correlations"  [3] . 
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We  have  previously  demonstrated  [3,5,9]  that  the  coefficients 
KIC 

^1  '  ^1  and  D1  can  be  decamP°sed  into  a  series  of  four  terms 


-I  3i,  ,  if*  =  l  TL  .0=1  D  . 

1  y=l  ly  1  nil  ^  1  yil  lli 


(1-5) 


For  each  transport  coefficient,  the  terms  in  (1.5)  are  related  to 

the  dynamics  of  one,  two,  three  and  four  successive  collisions  among 

three  molecules.  We  represent  the  various  collision  sequences  by 

diagrams  in  Figs.  2-5,  just  as  the  diagram  in  Fig.  1  was  used  to 

represent  the  collision  sequence  related  to  the  dilute  gas  values 

XQ,  nQ  and  DQ.  The  lines  in  Figs.  2-5  represent  again  the  trajectories 

of  the  centers  of  the  molecules,  while  the  circles  depict  the  molecules 

themselves  at  the  time  of  a  collision.  The  explicit  formulas  for  the 

three-particle  collision  integrals  will  be  introduced  in  the  next 

chapter.  In  this  chapter  we  restrict  ourselves  to  an  explanation  of 

the  various  collision  sequences  that  enter  into  a  calculation  of  the 

coefficients  X,  ,  ti  ,  and  D„.  . 

ly  ly  ly 

The  first  terms  (y=l)  in  the  expression  (1.5)  account  for  binary 
collisions  in  which  both  colliding  molecules  are  overlapping  with  a 
third  molecule  (double-overlap  collisions).  Such  a  double-overlap 
collision  is  shown  schematically  in  Fig.  2.  The  corresponding  collision 
integrals  contain  the  dynamics  of  only  one  binary  collision,  but  do  account 
for  excluded  volume  effects  due  to  the  presence  of  a  third  molecule.  We 
have  shown  in  earlier  reports  [3,5,9]  that  these  double-overlap  collisions 
are  precisely  the  collisions  incorporated  in  the  Enskog  theory,  and  they 
yield 


*n  -  -  ilTt,3*o  ■  rn  -  -  ii™3".) 


11 


-  -r-^a3Dn 
12  0 


Cl.  6) 
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Figure  2.  Schematic  representation  of  a  double-overlap  collision. 

When  molecules  1  and  2  are  colliding,  molecule  3  overlaps 
with  both  1  and  2. 

We  emphasize  that  these  "Enskog  values"  represent  corrections  to  the 
dilute  gas  values  due  entirely  to  excluded  volume  effects. 

The  terms  A^,  r|  and  for  y=2,3,4  constitute  corrections 
to  the  Enskog  theory  due  to  sequences  of,  respectively,  two,  three 
and  four  successive  collisions,  as  shown  in  Figs.  3-5.  In  each  case, 
we  consider  a  collision  between  molecules  1  and  2  at  the  bottom  of 
the  diagram,  just  as  in  Fig.  1.  However,  in  contrast  to  Fig.  1,  we 
now  consider  in  addition  the  trajectories  that  account  for  the 
possible  interactions  with  a  third  molecule  3. 

The  terms  ^2'  D12  (y=2)  are  related  to  sequences  of  two 

successive  collisions  of  which  at  least  one  is  a  single-overlap 
collision.  The  three  possible  events  of  this  type  are  shown  in 
Fig.  3.  The  three  events  differ  in  that  in  Fig.  3a  both  collisions 
are  single-overlap  collisions,  while  in  Fig.  3b  only  the  earlier 
collision,  and  in  Fig.  3c  only  the  later  collision,  is  a  single- 
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Figure  3.  Sequences  of  two  successive  collisions  among  three  molecules. 

(a)  Molecules  2  and  3  overlap  at  both  collisions  (SS-collision) . 

(b)  Molecules  2  and  3  overlap  at  the  earlier  collision  only  (SN-collision) . 

(c)  Molecules  2  and  3  overlap  at  the  later  collision  only  (NS-collision) . 
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overlap  collision.  In  Part  I  we  have  referred  to  these  events  as 
SS-collision  (Fig.  3a) ,  SN-collision  (Fig.  3b)  and  NS-collision 
(Fig.  3c) .  These  collision  sequences  account  for  a  combination. 
of  excluded  volume  (overlap  collisions)  and  dynamical  (two  successive 
collisions)  effects. 

The  terms  A  ,  n  ,  D  (y=3)  correspond  to  sequences  of  three 
13  13  13 

successive  collisions,  shown  in  Fig.  4.  In  Part  I  we  have 
referred  to  these  sequences  as  recollisions  (R) ,  cyclic  collisions 
(C)  and  hypothetical  collisions  (H) .  Note  that  in  the  diagram  of 
Fig.  4b  the  intermediate  collision  between  1  and  3  is  a  "noninter- 
acting"  collision.  That  is,  molecules  1  and  3  are  indeed  aimed  to 
collide,  but  they  pass  through  each  other's  interaction  sphere  and 
continue  along  the  extension  of  their  original  trajectories.  This 
noninteracting  collision  represents  a  dynamical  screening  effect 
due  to  the  interfering  presence  of  molecule  3.  The  sequences  of 
Fig.  4  do  not  contain  any  overlap  collisions,  and  they  account  for 
correlations  that  are  of  a  purely  dynamical  nature  [3,5,10]. 

Finally,  the  terms  T]^,  (y=4)  correspond  to  sequences 

of  four  successive  collisons.  The  two  collision  sequences  that 
need  to  be  considered  are  shown  in  Fig.  5.  Any  other  possible 
sequence  of  four  successive  collisions  can  be  obtained  from  those 
shown  in  Fig.  5  by  time  reversal  and/or  suitable  permutation  of 
the  particle  numbers.  These  collision  sequences,  like  those  in 
Fig.  4,  account  for  purely  dynamical  correlations.  It  can  be  shown 
that  the  expansion  (1.5)  for  the  coefficients  A^,  r|^  and 
terminates  after  sequences  of  four  successive  collisions  [5,10,11] . 
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1.3  Outline ' of  Report 

In  this  report  we  present  calculations  of  the  three-particle 

KK  KK 

collision  integrals  that  determine  the  coefficients  X^  ,  and 

in  the  density  expansion  (1.4)  of  the  transport  properties.  It 
is  convenient  to  consider  dimensionless  three-particle  collision 
integrals.  For  this  purpose  we  define 


X,  Tl.  D, 

X*  =  _iE  n*  =  — iH  n  *  =  -M 

Aiy  xi;L  '  niy  n11  '  Diu  d1]L 


(1.7) 


so  that,  in  accordance  with  (1.5)  and  (1.6) 

4 


%  KK  5  a, 

xi  =-I?roXo 


KK  5  3 

"l 


5  3 

D  - - TOD 

1  12  0 


1  +  I  X 


y*2 


1U 


1  +  *  "Iv 

y=2  ^ 


y= 2  M 


(1.8) 


The  terms  X*^,  T|*^  and  D*^  represent  corrections  to  the  Enskog  theory 
due  to  sequences  of  2(y=2),  3(y=3)  and  4(y=4)  successive  collisions 
among  three  molecules. 

We  shall  proceed  as  follows.  In  Chapter  II  we  formulate  the 
three-particle  collision  integrals.  The  collision  integrals  correspond¬ 
ing  to  sequences  of  two  successive  collisions  are  then  evaluated  in 
Chapter  III,  those  corresponding  to  sequences  of  three  successive  col¬ 
lisions  are  evaluated  in  Chapter  IV,  and  the  collision  integrals 
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corresponding  to  sequences  of  four  successive  collisions  are  evaluated 
in  Chapter  V.  The  numerical  results  are  compiled  in  tables  of  collision 
integrals  collected  in  the  Appendix  at  the  end  of  this  report;  these 
tables  are  indicated  by  lower  case  roman  numerals.  For  a  survey  and 
discussion  of  the  results  the  reader  is  referred  to  Chapter  VI. 
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CHAPTER  II 

FORMULATION  OF  COLLISION  INTEGRALS 


2 . 1  Binary  Collision  Integrals 


The  transport  coefficients  XQ,  n  and  DQ  of  the  dilute  gas  are 
given  by  [3] 

xo  -  -  <2>  '  "o  -  -  IoS?[S'S)  <2>  •  Do  ■  -  <2>  ' 


where  k  is  Boltzmann's  constant  and  T  the  temperature.  The  symbols  A 
and  C  represent  vector  functions  A (v) ,  C (v) ,  and  B  a  tensor  function 

-i.  -v 

B(v),  of  the  molecular  velocity  v;  they  are  the  solutions  of  the 


linearized  Boltzmann  equations 


t 


/dx^fv^T^tMv^+MVj)}  =  -  (^rav^“|kT)  vx 


/dx2«))(v2)T12{B(v1)+B(v2)}  =  -  mv.^ 


(2.2) 


/ «Jx2^v2)T12C{^)  =  -  vx 


As  in  Part  I,  we  use  again  the  convention  that  the  phase  x^=(v^,r^) 
represents  the  velocity  v^  and  position  r^  of  molecule  i.  The  symbol 
V1V1  ln^lca^es  a  traceless  dyadic  in  the  notation  of' Chapman  and 
Cowling  [1]  .  The  Maxwell-Boltzmann  factor  (j>(v^)  is  defined  as 


The  functions  A  and  B  in  this  report  are  the  same  as  those  in 
AEDC-TR-72-142  [3] ,  but  differ  by  a  factor  kT  from  those  used  in 
some  earlier  reports  [4,5]  and  publications  [6,7,12]. 
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r  ; 

\/  f 

'  mv?”| 

1  m  ) 

2  exp 

_ i. 

J  2‘JTkT J 

.  2kTJ 

<2. 3) 


The  operator  is  a  binary  collision  operator  introduced  by 
Ernst  et  al.  [13];  its  definition  and  properties  were  discussed  in 
detail  in  Part  X.  The  square  brackets  with  superscript  2  in  (2.1) 
indicate  binary ’collision  integrals,  defined  as 


2'  2 

—  -*■  (2)  1  -  -*■  r.  -»--»■  -  p  -*■  -*■ 

[A, A]  =  ~  /dv1dx2^(v1)(J)(v2)  l  A(vm)-T12  l  A(vn) 


m=l 


n=l 


2  -»>  2 

[B,B](2)=  -7  /dv  dx  J  (v  )(j>  (v  )  l  B(v  ) :  T  ][  B(v  ) 
z.  l  z  jl  z  ,  m  J .z  ,  n 


(2.4) 


[C,C](2)  =  -57  /dv  dx  d)(v  )<Mv  )  l  C(v  )*T  C(v  ) 
2.  12  1  2  ,  n  12  n 

n=l 


m=l 

2 


'n=l 


For  convenience  we  introduce  the  dimensionless  quantities 

vz  - 

m 


f  m  1  V2  0*  _  ri  rr*  _  f  m  ] 
Wi  ^kT J  Vi;  i  a  ;  T12  ( 2kTj 


12 


(2.5) 


We  also  use  dimensionless  functions  A  ,  B  and  C  ,  defined  by 


A  (v. )  = - — 

i  32CT 


J/f  kT  **«.)  , 

3<V  -  w  ]Tl  3*«i> 


C2,6) 


The  expressions  (2.1)  for  Hq  snd  may  then  be  written  as 
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X 


n 


D 


o 


o 


o 


75 
64  O* 


5 


{a*a*}(2) 

{b^b*} 

{c^*}(2) 


(2.7) 


where  the 
{A?A*} (2) 

{i*s*> (2) 

{c*,c*}(2) 


curly  brackets  indicate  dimensionless  binary  collision  integrals, 

2 

% 


-i-rr /dw  dw  d^*e  (W1+W2}  I  a*  (w  )  •  t*  I  a*  (w  ) 

( 2TT)  m=l  n=l 


-W-  /dS  aS  aJV  (B^I>  1 1*  (S  > .  -t*  f  1*  (h  ) 

72  122  _  m  12  ,  n 

( 2TT)  m=l  n=l 


_  -*• ★  —  (W2+W2 )  p  — it  “^jl 

r  /dW  dw.dr.e  '  1  2}  \  C*(W  )-T  C  (W  ) 

7,  12  2  ___  n  12  n 

z  n=l 


(2TT) 


(2.8) 


The  functions  A  ,  B  and  C 


(k) 

sum  of  Sonine  polynomials  S  (x) 

n 


are  usually  approximated  by  a  finite 
,  defined  in  Table  I. 


A*  (W) 

-Jh. 

B*(W) 

C*(W) 


N 

=  I 

k=l 

N-l 

=  I 

k=0 

N-l 

=  l 

k=0 


ak(N)s|J)  (W2)W 

b.  (N)sLk)  (W2)WW 

k  /2 

Ck(N)SV^  (”2)” 


(2.9) 


The  coefficients 


V"> 


b.  (N) 
k 


and  c^tN)  °f  these  expansions  satisfy 


a  set  of  linear  equations  [2,12] 
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l  S<k)  (x)tk  =  - 1  gjy  exp{-j^-} 

k=0  n  (X-t)n+1  1  fc 
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N 


I  av(N)a^2^  “  ^£1  (£-lf../N)  , 


k=l 


"lA^b  r  =  6 


(2)  _ 


k=0 


JIO 


U=0, . .  ,N-1)  » 


(2. 10) 


N-l 


■  5*0  <<^=0 - N-l» 


k=0 


Here  6^  is  the  Kronecker  delta  and  a^2^  ,  and  are  elements  of 

4. 

matrices  of  binary  collision  integrals'  s 


a1(?)  =  {s(k)(W2)W  ,  S,U)  (W*)W}{2) 


kJl 


72 


b(2)  =  {S(k^(w2)\w  ,  su)  (w2)vro} (2)  # 
kJl  s/2  s/2 


(2.11) 


'k£ 


,c(2)  =  {s  (k)  (W2}^  #  S  U)  (W2)W} 


(2) 


’/a 


The  factor  (21T) — 7/2  in  the  definition  (2.8)  of  the  dimensionless  binary 

(2)  (2)  (2) 

collision  integrals  was  chosen  so  that  a^'  =  b^  =  cQ0  =  1. 

The  binary  collision  integrals  (2.11)  are  symmetric,  i.e. 


a(2)  =  a(2)  -  b(2)  =  b(2)  ■  c(2)  =  c<2> 

£K  '  kS,  b£k  '  Cki  k  * 


(2.12) 


We  shall  refer  to  the  number  N  of  Sonine  polynomials  retained  in  (2.9) 
as  the  order  of  the  Sonine  approximation  used.  Thus,  inserting 


t  12)  C2) 

The  matrix  elements  and  b^  used  here  are  the  same  as  the 

matrix  elements  a^^and  bj^  in  AEDC-TR-69-68  [4,12J  , 


29 


AEDC-TR-73-1 71 


(2.9)-(2.11)  into  (2.7),  we  have  for  the  "N^  Sonine  approximation" 
to  the  dilute  gas  transport  coefficients, 

now>  ■  15*  V"1  ■  12  • 131 

VN)  -  fe]/2  °ow> 


The  problem  of  calculating  the  transport  properties  in  the  dilute 

gas  limit  thus  requires  the  calculation  of  the  set  of  binary  collision 

(2) 

integrals  (2.11).  For  a  gas  of  hard  spheres  these  matrix  elements  a^  , 
(2)  (2) 

b^  and  c^  can  be  readily  evaluated.  They  are  equal  to  the  coef- 
k  Z 

ficients  of  s  t  in  the  expansions  [14] : 

£  a^^skt^  =  (l-|(s+t) }  ^stfl-st)  3  -  {l-j(s+t)}  ^  sVd-st)-2  , 

k=l  Z=1 


00 


l 

k=0 


Z=0 


.  (2)  k  £ 

\zst  = 


(2.14a) 

(2.14b) 


={l-|(s+t)}1/2(l4|st-»~szt2)  (l-st)“4-  y{l-is+t)}_1/2st(l-st)‘3 
-  -j|{l-|(s+t)}3/2s2t2(l-st)'2 

f 

l  l  c^5skt£  =  {l-y(s+t)  }  ^2  (1+st)  (1-st)  3-  1— ~(s+t)  }  ^Std-St)  2  . 

k=0  £=0 

(2.14c) 
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The  Binary  Collision  Integrals  a. 


(2) 

kl 


(2)  _ (2) 


Jk  t 


'kSL 
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Table  ill 


The  Coefficients  a^(N)  ,  b^(N),  c^fN) 


a1(l)=l 


(2) =1. 022727272 
(2) =0.09090909091 


b0(l)=l  c0(l)=l 

bQ (2) =1 . 014851485  CQ (2 )=1 . 017241379 

b (2) =0.05940594059  (2) =0.06896551724 


N=3' 


3)  =1.024818524 

a  (3) =0.09678720258 
2 

(3) =0.01989514720 


bQ(3)=l. 015878912  cQ (3) =1.018689786 

b^ (3) =0.06231945009  (3 )=0. 07306202215 

b  (3)=0. 00956957592  c  (3)=0. 01357698769 

2  2 


r 

a. 


N=4  •< 


(4) =1.025134456 
(4)=>0. 09761889723 
(4) =0-02183560672 
(4)=0. 00606324830 
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For  reasons  that  will  become  clear  in  Chapter  III,  we  shall  study  in 
this  report  the  viscosity  and  the  self-diffusion  up  to  the  third  Sonine 
approximation,  and  the  thermal  conductivity  up  to  the  fourth  Sonine 
approximation.  The  binary  collision  integrals  required  for  this 
analysis  are  listed  in  Table  II,  and  the  corresponding  coefficients 
a^fN)  ,  bk(N)  ^  ck(N),  obtained  by  solving  the  simultaneous  equations 
(2.10) ,  are  given  in  Table  III. 

The  rate  of  convergence,  as  N  increases,  of  the  expansion  (2.13) 
for  the  transport  coefficients  A^,  T)q  and  is  well  established  [1,2]. 
From  Table  III  it  is  seen  that  the  second  Sonine  approximations  a1(2), 
bg(2)  and  cQ(2)  modify  the  first  approximation  (l)=bg (1) =cQ (1)=1  by 
only  a  few  percent. 


2.2  Three-Particle  Collision  Integrals 


The  coefficients  A^  ,  Ti^  and  D1  in  the  density  -  expansion  (1.4) 

for  the  transport  properties  are  determined  by  three-particle  collision 

integrals.  In  earlier  technical  reports  we  have  presented  two  different 

methods  for  deriving  these  collision  integrals.  The  method  followed  in 

AEDC-TR-71-51  was  based  on  a  geometrical  analysis  of  the  three-particle 

collision  operator  in  the  generalized  Boltzmann  equation  [5,9].  In 

AEDC-TR-72-142  we  presented  a  more  algebraical  derivation  in  which  the 

three-particle  collision  operator  was  represented  by  a  binary  collision 

expansion  [3].  Both  methods  yield  the  same  results,  and  we  obtained 

for  the  coefficients  A,  ,  f|,  and  D,  ,  defined  in  (1.5)  [see  equation 

ly  ly  ly 

(5.1)  of  Part  I] 


33 


AEDC-TR-73-171 


-  I  =  ~V  I  [A.Al  ‘3)  , 

1  U=1  ly  y=l  y 


nKK  _  ?  _  1  f  r£  (3) 

1  "y^l  ly  y=l  '  y 


(2.15) 


D,  =  D.  =  \  ?  [C,C] 

1  u=i  ly  3  U=1 


(3) 

V 


Here  A,  B  and  C  are  the  same  functions  as  those  in  the  expressions  (2-1) 
for  the  dilute  gas  quantities  XQ,  nQ  and  Dq.  However,  the  square  brackets 
now  indicate  three-particle  collision  integrals  defined  as 

(2.16) 

3  3 

[A/A]^3)=jy-/dv1dx2dx3(|>  (v1) <J)  Cv2) <()  (v3>  l  A (vm>  *T  (123)  [  A(vn)  , 

m=l  n=l 

[B,B]  '  =TT^ dv.dx2dx3<p  (v, )  <j>  (v_)  <}>  (v,)  l  B(v  ):T  (123)  £  B  (v  )  , 
y  x  1  ^  J  m=l  my  n=l  n 


[C,C]^3)=j^/dv1dx2dx3<|)(v1)(J)(v2)<))(v3)  j>  C  (vn>  -Ty  (123)  C(vn)  . 


3 

H  “•  "■ 


The  operators  (123)  (y=l,2,3,4)  are  three-particle  collision  operators 
defined  in  Part  I. 

We  introduce  again  dimensionless  quantities  as  given  by  (1.7),  (2.5), 
(2.6)  and 


T* (123) 

y 


Vz 

Ty(123) 


(2.17) 
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Using  (1.6)  and  (2.7)  we  may  thus  write 


D 


1 


(2.18) 


with 


X* 

iy 


u:a*}'2) 


{BtB *} 


%  =  - 


{B?B*} 


•  °i  -  -  - — ^ 


(2.19) 


{c*c*} 


(2) 


Here  we  have  introduced  dimensionless  three-particle  collision  integrals 
defined  as 


{£?*} 


(3)=3^.  JL  /d5  ;  (Wi+W2+WI> 

u  10rrb  31  ■’1  2  3  2  3 


3  u.  3  * 

X  l  A* (W  )  *T* (123)  l  A*(W  ) 
-  my  -  n 

m=l  n=l 


10if  3! 


12  3 


(2.20) 


3  -*■ 

l  B 

m=l 


(W  ) 
m 


3  X 

(123)  l  B* 
n=l 


(Wn) 


(3).  J,  raw.®  dw.a?*tf;e-!w^+wl> 


{C*cV°'=  _ rr 

1  '  Jy  10TTb  3!  1—  2”  3~ 2— 3' 


X 
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We  may  again  represent  the  functions  a* ,  b*  and-  C*  by  the  Sanine 

polynomial  expansion  (2.9).  We  then  obtain  for  the  coefficients 

KK  1QC  i“h. 

^1  '  and  in  s°nine  approximation 


xfC<N)=-^Tro3X0(N) 


4 

[1+J2XiH  ' 


4  — , 

r^K(N)=-i|Tra3n0(N)  [1+  (N)J  , 


(2.21) 


r  I"  4  *  “1 

D1(W=^tto3D0(N)  [l+  l  Dly(N2j  , 

y — 2 


with 


'  X1V  <«  =-a7W  Jx  X  ^  <N>  3,1  <N)  «*  ' 


i  N— 1  N-l 

b-4 vr  l  l  bk!N)bj<N)bkJ 
*VN)  k=0  1=0  K  KJ6' 


niy(N)=- 


(2.22) 


*  .  N-l  N-l  ,,, 

Di,<N>-c77Nr  J0  J0 


MrV  * 


Here  we  have  defined  elements  b^;P  and  c.^)  of  matrices  of 

kJl ,  y  kJl ,  y  ki.  ,y 

three-particle  collision  integrals’^ 


^The  matrix  elements  and  bj^  jy  are  related  to  the  matrix  elements 

and  b^  in  AEDC-TR-69-68  [4,7,12]  by 


v  (3)  8  (1)  _nd  y  ,(3)  8  (1) 

,y~5akil  d  y£xbkil,  y  “5bk£  * 
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(w2)”  '  SH>  (w2)w},!3) 


bkL={SH’  (w2>™  '  slj1  (W2)ww) 


U)  (3) 


(2.23) 


ckilu={sl*)(w2)"  ' 


U) 


(3) 


In  earlier  reports  [3,5,9]  we  have  shown  that  these  matrices  are  symmetric 
in  analogy  with  the  result  (2.12)  for  the  binary  collision  matrices: 


a(3)  (3)  .  (3)  (3)  (3 )  _  (3 ) 

■kSL'V  SL k,y'  Dk SL,\1  £>S,k,yf  ckH,y"  CSL k,y  * 


(2.24) 


2. 3  Collision  Integrals  and  Collision  Diagrams 

It  is  seen  from  (2. 21) - (2. 23)  that  we  have  to  evaluate  a  set  of 
three-particle  collision  integrals  of  the  form  and 

r*  r* 

-X- 

where  and  X  are  functions  of  the  dimensionless  velocity  w.  These 
integrals  involve  the  dynamics  of  the  three-particle  collision  sequences 
discussed  in  Section  1.2.  However,  in  order  to  precisely  specify  the 

relationship  between  the  collision  integrals  and  the  collision  sequences, 

a 

we  use  a  diagrammatic  notation  which  is  a  bit  more  abstract. 

We  first  make  a  distinction  between  interacting  collisions  and 
noninteracting  collisions.  In  an  interacting  collision  between  two 
molecules,  the  molecular  velocities  change  according  to  the  usual  laws 
of  mechanics.  In  a  noninteracting  collision  the  colliding  molecules 
pass  through  each  other's  interaction  sphere  undeflected.  A  noninter¬ 
acting  collision  may  be  decomposed  into  a  noninteracting  penetrating 
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collision,  when  the  molecules  enter  each  other's  interaction  sphere, 
followed  by  a  period  during  which  the  two  molecules  are  overlapping, 
followed  in  turn  by  a  noninteracting  separating  collision,  when  the 
particles  leave  each  other's  interaction  sphere.  We  shall  continue 
to  indicate  the  trajectories  of  the  centers  of  the  molecules  by  line 
diagrams  as  in  Figs.  3-5.  However,  we  shall  indicate  whether  at  a 
given  instant  two  particles  are  penetrating,  separating  or  overlapping 
by  the  notation  presented  in  Fig.  2  of  Part  I  [3]. 

As  an  example,  consider  the  collision  integrals  related  to 
sequences  of  two  successive  collisions.  These  "single-overlap"  col¬ 
lision  integrals  can  be  formulated  in  terms  of  the  SS-collision 
sequence  and  SN-collision  sequence  shown  in  Fig.  6.  In  both  collision 
sequences  the  collision  between  1  and  2  is  followed  after  some  time  T>0 
by  a  collision  between  1  and  3.  In  Fig.  6a  particles  2  and  3  overlap 
at  both  these  collisions,  as  is  indicated  by  the  hash  marks.  In  Fig.  6b 
particles  2  and  3  overlap  at  the  time  of  the  collision  between  1  and  2, 
but,  they  leave  each  other's  interaction  sphere  after  some  time  T',  with 
0<x'<t,  i.e.,  before  the  collision  between  1  and  3  occurs.  We  use  roman 
numerals  to  indicate  velocity  regions  in  the  diagram  of  interest.  Thus, 

-k.  -k. 

W^(l)  represents  the  initial  velocities,  W^(II)  the  velocities  between 

-Jb 

the  two  collisions,  and  W^ (III)  the  final  velocities,  in  the  diagrams 
of  Fig.  6.  We  shall  use  a  similar  notation  to  indicate  the  velocities 


in  the  sequences  of  three  and  four 
In  Part  I  we  have  shown  that 
and  corresponding  to  the 

written  as 


successive  collisions. 

the  collision  integrals  {ty,X}^3^ 

2 

single-overlap  collisions  may  be 
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(a)  SS  -  SEQUENCE 


Figure  6.  Diagrams  representing  the  SS-collision  and  SN-collision. 
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‘W  Af  *M 

{*.x)f>=W.x)^)+».x}”l+{x-*}^> 


(2.25a) 


(2.25b) 


The  explicit  formulae  for  these  collision  integrals  are  given  by  eqs. 
(5.16)  and  (5.21)  of  Part  I  £3].  In  the  terms  of  dimensionless 
quantities  they  may  be  written  as 


“ss 

3  3 

x  I  l  {^m(i)-ipm(ii)}*{xn(in)-xn(n)> 

m=l  n=l 


(2.26a) 


dfl%-(“i+H2+W3) 


«  sitiPjCD-tjtiDWxj^din-Xjttx)} 


(2.26b) 


«>-  3A  /  any  (wi'w2+H3I 


VASN  10TT 


(2.27a) 


£2. 


SN 


3  3 


*  l  l  4  (i)h{;  (ii)Mx  (iii)-x  (ID  > 


m=l  n=l 


m  ’m 


n 


f  a 

10it6  / 

“sN 


*  -(W^+W^+W^) 
e  l  2  3 


(2.27b) 


x  2{^1  (I)  (II)  }*(xi (III)  -Xx  (II)  > 
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Here  we  have  abbreviated  \p(W  (I))  by  ij;  (I),  etc.  The  notation  *  Y 

m  m 

indicates  the  appropriate  scalar  product  between  the  vector  or  tensor 
functions  fp  (W)  and  X (W) •  The  symbol  dfl  represents  a  dimensionless 
volume  element 


dfi  -  dwidw2dw3dk1dr*1|w21*k1| 


(2.28) 


where  k^=r*-r*  and  r* ^=3^*  — r*  are  the  relative  positions  of  the  molecules 
at  the  instant  of  the  first  (1-2)  collision.  The  velocities  VT  without  a 
velocity  region  designation  are  understood  to  represent  the  velocities 
just  after  the  first  collision: 


W.=W.(II)  for  i=l ,2,3 


(2.29) 


The  integrations  in  (2.26a)  and  (2.26b)  are  to  be  carried  out  over  that 

— 'W 

subvolume  of  the  14-dimensional  space  spanned  by  the  variables  W_ , 

SS  1 

W  ,  W  ,  k^  and  r^,  for  which  the  SS-collision  sequence  can  be  dynami¬ 
cally  realized.  Similarly,  the  integrations  in  (2.27)  are  to  be  carried 

out  over  the  subvolume  of  the  same  14-dimensional  space  which 

SN 

corresponds  to  the  dynamical  requirements  of  the  SN-collision  sequence. 

Notice  that  the  subvolumes  „  and  have  no  points  in  common. 

SS  SN 


The  collision  integrals  {^,xJ ^  and  associated  with 

sequences  of  three  successive  collisions,  are  sums  of  three  terms: 

3 


(3) 


C*,X}3'*,"WfX}R',J+{*rX>H'*,+^rX}c3>=  n*,X>3v 


(3) 


(2.30a) 


{*.X>‘3)-{*.X}i3)+C#.X>i3>+{*rX^3)S  l  ft*}**  -  (2.30b) 


V=1 
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Here  the  index  V  refers  to  the  R(V=1) ,  .  H(V=2)  and  C(V=3)  diagrams  in 
Fig.  7.  These  collision  integrals  are  given  by  egs.  (-5.25),  (5.29), 
(5.32)  and  (5.35)  of  Fart  I  [3]  and  read  in  dimensionless  form 


«.X>»1-(-DV-1  fgr  / dfl*e-'wi+“2+i 

®3V 


3  3 


m=l  n=l 


(3)_,_,.V-1  d£!V(,'lH,2+M3) 


{'I'.XJj  =(-« 


a 


3V 


*  2  l  (I)-tp  (II)}*(x  (IV  )-X  (III  )} 
n«*l  v 


(2.31a) 


(2.31b) 


The  symbols  I,  II,  III^  and  IV^  now  refer  to  the  velocity  regions  in  the 
diagrams  of  Fig.  7.  The  integration  element  dfl*  is  the  same  as  in  (2.28) , 
with  W^,  W^,  denoting  the  velocities,  and  k^r*-^,  r3i”r3-ri  denoting 
the  relative  positions,  instantaneously  after  the  first  (1-2)  collision. 
Notice  that  nothing  precludes  the  integration  volumes  £2^,  ^33  ^rom 

having  non-empty  intersections. 

The  collision  integrals  {lp/X^  and  #  associated  with 

sequences  of  four  successive  collisions  can  be  decomposed  as 

{*,x}f,=({*.x}",+{x.<,]+[{*.x}«,+{x.*}»,i  = 

=  I  +<X/*>**)]  .  (2.32s) 
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(3). 


V=1 


4V 


4V 


(2.32b) 


where  the  index  V  now  refers  to  the  RH(V=1)  and  RC(V=2)  diagrams  in 
Fig.  8.  From  eqs.  (5.39)  and  5.42)  of  Part  I  we  conclude  that  they 
may  be  written  as 


1^';c/4v  '  '  loir 


3  3 

x  i  I  {vi,-VI1>MxntV'xn(IV} 

m=l  n=l 


la 


d!J*e-!Wl+i+W3> 

4V 


(2.33a) 


{^y}(3)  =  (-DV^_ 

x  4v  '  '  iotP 


1  n 


dft*e"  (wi+w2+w|) 
4V 


(2.33b) 


x  2  l  {*  (I)  -t|J  (II)  >*{X  (V  )  -*(!*.> } 
,  n  n  n  v  n  v 

n=l 


where  the  integration  variables,  integration  volumes  and  velocity  regions 
now  refer  to  the  diagrams  in  Fig.  8. 

We  note  that  all  collision  sequences  begin  with  an  interacting  col¬ 
lision  between  1  and  2,  which  is  followed  by  a  collision  between  1  and  3; 
the  collision  between  1  and  3  may  either  be  an  interacting  collision 
(SS,  SN,  R,  C,  RH,  RC)  or  a  non-interacting  penetrating  collision  (H) . 
These  first  two  collisions  are  represented  schematically  in  Fig.  9.  The 
initial  velocities  are  W^(I),  W^d)  and  W^(I);  the  integration  variables 

_L  -k.  — h. 

W  ,  W  ,  W  are  the  velocities  after  the  first  collision:  W  =W  (II) , 

X  £  XX 

W2=W2(II),  W3=W^  (II)=W3 (I) .  The  vector  is  the  perihelion  vector 
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2  I  3 


Figure  9-  Schematic  representation  of  the  integration  variables. 


of  the  1-2  collision.  It  will  sometimes  be  convenient  to  replace  the 

•  •  A  A  , 

integration  variables  r31  by  and  T,  where  k2  is  the  perihelion 
vector  of  the  1-3  collision  and  T  the  time  between  the  two  collisions. 
From  Fig.  9  it  is  clear  that  these  quantities  are  related  by 


+W. 


■31  "31 


from  which  it  follows  that 


(2.34a) 


31 


•k2|dk2<iT  . 


(2.34b) 


In  all  our  calculations,  we  shall  begin  by  making  the  transformation 
^1  'W2  '^3  "**■  ^0  '^21  '^31  ,  (2.35) 
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where  the  new  velocity  variables  are  defined  by 


1  *1 

/*  -x  -  1-x  -x 

o  -5<V"2+"3> 

1  | 

Wl=W0~f  M21+W31 

1 

_k. 

1  i 

f 

21=  W2“W1 

r  H 

Wi<53r2"2i 

-  -  | 

1  -*•  -k.  1  -»■  ->* 

31"  w3-w1  J 

!  i 

1  W5 (W21-2W31 

(2.36) 


Thus  WQ  is  the  velocity  of  the  center  of  gravity  of  the  three  spheres, 
while  W21  and  W31  are  the  respective  velocities  of  spheres  2  and  3 
relative  to  sphere  1.  The  Jacobian  of  this  transformation  is  unity,  so 
that 

-k.  -x.  -x.  -x  -x.  (2*37) 

dW1dW2dW3=dW0dW21dW31  . 

Under  this  transformation  the  Maxwellian  exponential  in  the  integrands 
becomes 

2 2  1T.T 2  \ 


-(W.2+W‘+W‘).  -(3W‘+E) 
e  1  2  J  — e  u  r 

where  E  depends  only  on  W21  and  W3^  according  to 


(2.38) 


E  =  |tWj1+*i1-*21-»31) 


(2.39) 


Since  each  collision  conserves  energy  and  momentum,  E  has  the  same 
value  in  all  velocity  regions:  E=E (I)=E(II)=,  etc. 

Collecting  the  foregoing  relations,  we  find  that  the  common  element 
appearing  in  the  various  triple  collision  integrals  can  be  written  as 


,e-(W|+W|+W|)  _ 


d£! 


A  /V 


_3W2  — jj 

=  dWQdW21dW31dk1dk2dT  |  W21  |  |  W31,k2  |  e  °e 


(2.40) 
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This  form  will  be  our  starting  point  for  the  explicit  calculations  in 
the  following  sections,  save  for  the  following  two  minor  exceptions: 
First,  in  the  single-overlap  calculations,  it  is  convenient  to  retain 

-A-* 

the  integration  variable  r^,  and  thus  not  introduce  the  transformation 
(2.34).  Second,  in  a  special  calculation  of  the  R-sequence,  and  in 
the  calculations  of  the  RH-and  RC-sequences ,  it  is  convenient  to 

introduce  the  further  transformation  W  W,  =-W„  . 

21  12  21 

All  the  three-particle  collision  integrals  are  seen  to  be  14- 
dimensional.  However,  since  the  integrands  are  isotropic  functions 
of  the  vector  variables,  we  are  free  to  choose  one  of  the  vector 
variables  as  the  Z-axis  and  another  as  defining  the  XZ-plane.  The  two 
vector  variables  chosen  for  this  purpose  will  not  be  the  same  in  all 
calculations.  However,  it  is  always  true  that  this  process  is  equivalent 
to  performing  three  of  the  fourteen  integrations.  For  when  one  vector 
is  picked  as  the  Z-axis,  we  are  essentially  integrating  over  the  polar 
and  azimuthal  angles  of  that  vector;  similarly,  when  a  second  vector 
is  picked  to  define  the  xZ  plane,  we  are  essentially  integrating  over 
the  azimuthal  angle  of  that  vector.  Hence,  we  shall  always  begin  by 
choosing  our  coordinate  system  in  this  way,  and  replacing  the  angular 
integrations  over  the  vector  defining  the  Z-axis  and  the  azimuthal 
integration  over  the  vector  defining  the  XZ-plane  by  the  factor 

(2  •  2tt)  (2tt)  =  8tt 2  .  (2.41) 

Finally,  the  following  definitions  will  be  frequently  employed 

3  3 

fU)=  l  <P  (I)  =  l  iMW  (I))  ,  etc.  for  II, III,... 

n=l  n=l  n 

(2.  42) 

3  3 

X(I)  =  l  Xn(I)  =  l  X(W  (I))  ,  etc.  for  II, III,... 
n=l  n=l  n 
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CHAPTER  III 

SEQUENCES  OF  TWO  SUCCESSIVE  COLLISIONS  (SINGLE -OVERLAP  COLLISIONS) 


3 . 1  Introduction 

The  collision  integrals  anc*  are  related  to  the 

SS-  and  SN-collision  sequences ■ shown  in  Fig.  6.  Both  collision  sequences 

may  be  represented  by  the  diagram  of  Fig.  10.  In  this  diagram  we  require 

that  molecules  2  and  3  are  overlapping  at  the  instant  of  the  1-2  collision, 

but  we  do  not  specify  the  time  T*  at  which  the  particles  2  and  3  separate. 

We  shall  refer  to  this  diagram  as  the  SO  (single-overlap)  diagram  and  to 

and  {ip,x}^  as  the  SO  (single-overlap)  integrals.  The  SO-diagram 
2  2 

in  Fig.  10  reproduces  the  SS-collision  sequence  in  Fig.  6a  if  t‘>t  and  it 
reproduces  the  SN-collision  sequence  in  Fig.  6b  if  T'<T.  It  thus  follows 
from  (2  .25) -(2. 27)  that  we  may  write 


{*,x)<3>.-3£.  / an  e-K+M2+W3> 
io,6  \Q 


l  l  [{^in(I)-^(II)}*{Xn(III)-Xn(II)> 


m=l  n=l 


rm 


n 


'n 


(3.1a) 


+  e(T-r')  {xm(i)-xm(ii)  }*{^n(iii)-i|»n(ii)}] , 


{^,X>23>!= 


/an  e-(wi+wl+wI> 


(3,1b) 


10ir  8 


SO 


*'•2  [{ij^  (I) -1^(11)  }*{x1(III)-X1(H)  > 


+  0(t-t'){x1(I)-X1(II)}*{^1(III)-^1(II)>]  , 
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where 

9  ( t)  =1  for  t>0  and  0(t)=O  for  t<0,  (3.2) 

and  where  the  integration  region  ft  now  refers  to  the  SO-diagram  in 
Fig.  10.  From  now  on  we  shall  always  use  dimensionless  quantities,  and 
so  we  shall  drop  the  asterisks  in  the  dimensionless  volume  element  d£2* 
and  the  dimensionless  positions  r?. 


I  2  3 


Figure  10.  The  SO-diagram  associated  with  and 
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(3)  (3) 

Since  the  two  collision  integrals  {i^X^  and  ^'X^  refer 
to  the  same  collision  sequence,  it  is  convenient  to  design  a  notation 
that  covers  both  integrals.  For  any  function  a(W)  and  f3(W)  we 
therefore  define 


-  <W*+W*+W*) 


[{a  (i) -a  (ii)  MB  (iii) -6  (ii) } 


+  0(t-t' ) {6(D-f3 (ii) }*{a(m)-a(il)}]  . 


(3.3) 


We  may  then  rewrite  (3.1a)  and  (3.1b)  as 

{^.X>23)  =  ^rX)2  ,  (3.4a) 

=  2(l|)1,X1)2  ,  (3-4b) 

3  3 

where  Y  =  Y  \p  and  X  =  Y  X  as  defined  in  (2.42)  . 

,  m  ,  n 

m=l  n=l 

As  integration  variables  we  choose  the  velocities  W^,  W 

A  -»■ 

defined  in  (2.36)  and  the  position  vectors  and  r  .  The  domains  of 
integration  of  these  variables  are  defined  by  the  SO-diagram  in  Fig.  10. 

To  obtain  specific  limits  for  the  integrations,  we  consider  the  configu¬ 
ration  of  the  particles  in  the  rest  frame  of  1  just  after  the  first 

O.  A 

collision.  We  take  in  the  +Z-direction  and-  k^  in  the  XZ-plane  as 

shown  in  Fig.  11;  thus  we  have  integrated  trivially  over  the  polar  and 

-fc.  A 

azimuthal  angles  of  W  and  the  azimuthal  angle  of  k^  yielding  an 
overall  factor  8ttz  [see  (2.41)].  The  explicit  limits  of  integration 


51 


AE  DC-TR-73-1  71 


are  now  obtained  simply  by  examining  the  constraints  which,  are  imposed 
on  the  geometry  of  Fig.  11  by  the  requirements  of  Fig.  10. 

The  variable  (not  shown  in  Fig.  11)  represents  the  velocity  of 
the  center  of  gravity  and,  hence,  does  not  affect  the  relative  motion 

-A- 

of  the  particles;  thus  the  components  of  WQ  may  assume  all  possible 

-V.  _v 

values.  The  magnitude  of  is  also  unrestricted;  the  angles  of 
have  already  been  integrated  over  in  choosing  W  to  lie  along  the 

A 

Z-axis.  If  0  denotes  the  polar  angle  of  k^  relative  to  the  polar  axis 
W2i,  then  0  can  vary  from  tt/2  to  tt,  so  that  cos0  varies  from  -1  to  0; 

A 

the  azimuthal  angle  of  k^  has  already  been  integrated  over  in  picking 

^  A  A 

k,  to  lie  in  the  XZ-plane.  With  k,  fixed,  we  next  choose  r„  so  that  3 
1  1  31 

lies  anywhere  inside  the  action  sphere  of  2  but  outside  the  action  sphere 


of  1.  Denoting  r  by  (r,0  ,<|)  )  with  -k,  as  the  polar  axis,  then  we  see 
31  r  r  1 

from  Fig.  11  that  $r  can  have  any  value  between  0  and  2ir,  cosB^  any  value 
between  1/2  and  1,  and  r  any  value  between  1  and  2cos0r>  With  r^1  thus 

■  —V 

„  fixed, must  then  be  aimed  to  hit  the  action  sphere  of  1.  Denoting 

by  (w  ,0  ,  (f>  )  with  -r_.  as  the  polar  axis,.: we  may ; deduce  frcm  Fig,.  11 
31  w  w  31 

that  the  center  of  3  will  hit  the  action  sphere  of  1  provided  that  cosO^ 
lies  between  /l-r  ^  and  1;  then  <J>w  may  assume  any  value  between  0  and  2tt, 
while  may  assume  any  value  between  O.and  00 .  These  considerations 
allow  us  to  write  the  SO-integral  (3.3)  in  the  following  explicit 
11-dimensional  form^ 


This  collision  integral  was  earlier  derived  in  eq.  (5-27)  of 
AEDC-TR- 71-51  [5] . 
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(a,  8)-  =  - 


12/2 


2  51^ 


“  0  2tt  1  2cos0 

SihM  dcos0  N  dcos6r j"dr  r2 


^W21W21  dcos0 

f 

0  -10  1/2 
2tt  1 


J dW3iW3iJ"d*w  J*  dcos0w  (-W21cos0)e‘(3WO+E) 


'l-r 


x  [{a{I)-a(II)}*{0(iii)-g(n)} 


+  ©  (t-t  ')  {0(1) -0(11)  }*{a  (III)  -a  (II)  }  ]  . 


(3.5) 


The  integration  variables  in  (3*5)  completely  define  the  vectors 

a.  ^  a 

WQ,  W2i'  W31 ,  k^  and  r^,  but  it  is  noted  that  the  polar  and  azimuthal 
angles  of  these  vectors  are  not  all  taken  relative  to  the  same  frame. 
Thus,  WQ,  w21and  k^  are  all  defined  relative  to  a  coordinate  system  with 

-*■  -v  /\ 

Z-axis  along  W21  and  XZ-plane  in  the  plane  of  W  and  k  ;  r  is  defined 
relative  to  a  coordinate  system  with  Z-axis  along  -k^;  and  is 

-V 

defined  relative  to  a  coordinate  system  with  Z-axis  along  -r  .  However, 
by  applying  suitable  rotation  matrices,  the  components  of  WQ,  W^,  VI  ^ , 

/s  ■* 

k^  and  r  can  all  be  found  relative  to  any  desired  frame  and  expressed 
explicitly  in  terms  of  the  various  integration  variables  in  (3.5).  The 
required  rotation  matrices  are  presented  in  Table  IV.  We  shall  return 
to  this  point  later  when  we  discuss  the  evaluation  of  the  integrand. 

-k.  -V  -k.  A  ^ 

In  terms  of  the  basic  vectors  W  ,  W  ,  W  ,  k  and  r  ,  all  other 

0  21  31  1  31 

quantities  of  interest  can  be  calculated.  Thus,  the  time  T  is  computed 
as  the  smaller  (earlier)  root  of  the  quadratic  equation 


1*31  +  Vl2  =1 
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Table  IV 


Rotation  Matrices 


Given  two  frames  F  and  F* 

,  and  a  vector 

v.  Suppose  Frame  F' 

is  obtained  from  Frame  F  by  rotating  frame  F 

about 

axis  i  by  an 

angle  +0  [i.e.,  the  rotation  carries  axis  j 

toward 

axis  k  through  an 

angle  | 0 | ,  where  ijk  is  a  positive  permutation  of  xyz] .  Then  if 

j- 

(x,y,z)  are  the  components  of 

v  with  respect 

to  frame  F ,  the  components 

(x'y /z ')  with  respect  to  frame 

F  *  are  obtained  by  ^ 

s)  -  • 

where 

1  0 

0 

Rx(0)  = 

0  cos@ 

sin0 

0  ~s  in0 

COS0 

COS0  0 

sin0 

ii 

03 

>1 

c* 

0  1 

0 

sin©  0 

COS0  _ 

cos9  sin0 

0 

II 

03 

u 

• 

-sin0  cos0 

0 

z 

L,  0  0 

1 

Note:  cos(7r-0)  =  ~cos9 

cos  (- 

-9)  -  cos0 

sin  (ir-0)  =  sin0 

sin(- 

-0)  =  -sin9 
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while  T1  is  computed  as  the  positive  (future)  root  of 


lr32+W32T 


=  1 


(r 


32 


5  kl+r31' 


W 


32 


=  w31-w21) 


Carrying  out  the  algebra,  we  find  the  explicit  formulae 
t  =  (1-e) cos0w  , 


and 

T  1 


W32+ 


^r32  ,W32^ 


+ (1-r32} 


] 


§ 


(3.6) 


(3.7) 


where 


1-r 


cos2e 


w 


The  collision  vector  is  then  given  by 


^2  r3l“”31T 


=  -r  |i 


r31+W31 (*-£)cos9 


w] 


(3.8) 


(3.9) 


Finally,  we  need  the  velocities  in  regions  I  and  III  in  order  to 
evaluate  the  integrand  in  (3.5).  The  region  I  and  region  III  velocities 

-w  _w 

are  obtained  from  the  region  II  velocities  Wg,  V?2^,  W31  and  the 

A.  A 


collision  vectors  and  k^  through  the  hard  sphere  collision  formulae: 


W0(D  =  wQ 

W2i(I)  =  W21-2W2r  k^ 

w31(i)  =  V31-w2r*i*i 


Wq  (HI)  =  W0 


W21(III)  =  W2l*W3l'k2k2  /•(3*10) 

w31(iii)  =  w31-2w31-k2k2 
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Therefore,  once  we  write  down  the  components  of  the  vectors  W^,  W^, 


W  ,  k^,  in  some  common  frame,  expressing  these  components  in  terms 
of  the  integration  variables  in  (3#  5),  we  may  proceed  to  express  the 
full  integrands  in  terms  of  the  integrating  variables,  provided  of 
course  that  the  functional  forms  of  a  and  3  are  given. 

In  evaluating  the  integrand  in  (3-5),  it  will  be  observed  that 
we  always  deal  with  differences  in  various  functions  of  the  velocities 
before  and  after  a  collision.  For  all  the  functions  ot(=Y,X,iJj,x)  which 
we  shall  be  dealing  with,  it  turns  out  that  these  differences  satisfy 
the  proportionalities 


“W'-V1”  -  “"o'W  *  vki 


and 

a(wo(iii) ,w2i(iii) ,w3l(iii))  -  a(w0,w21,w31)  “  w31*£2 


(3,11) 


This  property  (3.11)  is  a  consequence  of  the  velocity-change  equations 
(3»10)  and  the  simple  polynomial  forms  which  are  used  for  the  functions 
ip  and  X*  Because  of  this  property,  it  is  convenient  to  define  the 
primed  differences 

{a (i) -a (ii)}1  ={  a(i)-a(li)  }/w2i**i'  (3,12a) 

■and 

{ a(iii) -a(ii)} '  s  { a(iii)-a(ii)}/^31‘k2  ,  (3.12b) 

-k.  -fc.  -*■ 

for  any  function  a  of  the  velocities  W^,  W  ,  VJ^,  s^-nce  fro®  Fig.  11 
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*21**1  =  W21COS0  ,  (3.13a) 

and  from  (3.9)  and  Fig.  11 

W  .k  =  recosB  ,  (3.13b) 

31  2  31  w 

we  can  replace  the  unprimed  differences  in  (3*5)  by  the  primed  differences, 
provided  we  introduce  into  the  integrand  an  overall  factor  of 

(W  *k  )(W  >k  )  *=  W  W  recos0cos0  •  (3.13c) 

1  j  J.  2  2  jL  31  W 

In  addition  we  make  the.  variable  changes 

30  , 


dcos20 

w 

2 

We  thus  conclude  that  expression  C3»5)  for  the  SO-integrals  may  be 
written  as 


u 

/ 

-1 


cos20  dcos0 


0 

if 


dCO 


-1 


2cos0. 


(2cos0_ ) 
dr4 


/• 


cos0  dcose 

W 


1 

* 1  f 

w  2  J 


yi-i 


l-r 
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2  5/Srr* 


frfff  dl”°  e"3"°  /  /®3 1M31  f  dCOS"6 
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2TT  1 


(2cos0r)4  27T 


0  -1 
1 


/d+r  J  dcoS8r  f  dr'  /  dij)^  dec 

01/2  1  0  1-r”2 


5 ,  -E 
dcos  0  £e 


w 


X  [ {a (i) -a (II) } ' *{$ (ill) -$ (II) } ' 


+  0  (t-t  ' )  {$  (i)  -6  (II)  >  ■  *{a  (ill)  -a  (ii) }  'j 


(3.14) 


In  order  to  obtain  the  coefficients  X*2(N)r  T)*2(N)  and  as 

given  by  (2.22)  we  need  to  evaluate  the  matrix  elements  2'  bkZ^  2 
(3) 

and  c 2  .  For  the  sake  of  simplicity  we  shall  drop  the  U=2  designation 

.  f 

in  the  matrix  elements  for  the  single-overlap  collisions  and  write 


(3)  _  so  (3)  so  (3)  so 

\l,2  =  3kS,  ;  bU,2  “  bkJl  1  \%,2  "  CkZ 


(3.15) 


From  (2.23)  and  (3.4)  we  see  that  these  matrix  elements  are  given  in 
terms  of  (a,B)'2  by 


so 

V 


I  s|J°  (WZ)W  ,  l  S&]  (W2)W 

U=1  2  n=l  /z  n  n 


so 


l  slk)  (W*)V?W  ,  l  S5/^(WZ)W°W 
v.m=l  /2  ra  m  m  n=l  /z  n  n  n 


S 


(3.16) 


so 


=  2 


si|>  (W*)^.  sj|>  (wJjSj 


/2 


t  These  matrix  elements  are  related  to  the  matrix  elements  a^,  b^and 


in  AEDC-TR-71-51  [5]  by 


so 


~  ~\V  \  l  =  ”k£ 


,  so  ,  so 

b,.o  -  _b’-" »  ckfc  -  -ck)t 
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In  a  previous  technical  report  I5J  we  have  evaluated  the  four 

lowest  order  elements  of  the  matrices  of  SO-collision  integrals  (3.16). 

.  *  * 

These  results  enabled  us  to  determine  the  coefficients  A  (N)  ,  T)  (N) 

12  1 2 

*  ... 
and  D^2  (N)  up  to  the  second  Somne  approximation  N=2.  The  work 

indicated  that  the  rate  of  convergence  of  the  expansion  (2*22)  for  the 
*  * 

viscosity  and  self-diffusion  is  comparable  to  the  rate  of  con¬ 
vergence  of  the  expansion  (2.13)  for  the  dilute  gas  transport  coefficients. 

However,  the  same  conclusion  could  not  be  drawn  for  the  thermal  conduc- 

* 

tivity  coefficient  X^.  In  this  report  we  shall  evaluate  all  those 
matrix  elements  in  (3.16)  that  are  needed  to  evaluate  the  coefficients 

ik  * 

ri12  (N)  and  D12  (N)  up  to  the  third  Sonine  approximation  N=3,  and  the 

* 

coefficient  X^(N)  up  to  the  fourth  Sonine  approximation  N=4.  We  shall 

thus  be  able  to  establish  the  rate  of  convergence  of  the  expansion  (2*22) 

for  all  three  transport  coefficients. 

In  evaluating  the  matrix  elements  (3*16)  we  shall  follow  two 

different  approaches.  In  the  first  approach  we  integrate  analytically 

over  W  and  W  in  (3*14)  ,  thus  reducing  (ot, 3)  from  an  11-dimensional 
0  21  2 

integral  form  to  a  7-dimensional  integral  form,  and  then  we  evaluate  the 
various  7-dimensional  integrals  numerically  using'  a  Monte  Carlo  technique. 
In  the  second  approach,  we  apply  the  Monte  Carlo  technique  directly  to  the 
11-dimensional  form  (3.14).  The  first  approach  yields  fairly  accurate  re¬ 
sults,  but  the  algebraic  complexities  introduced  as  a  result  of 

-X. 

the  analytic  integrations  over  and  are  so  great  that  only  the 
matrix  elements  for  the  first  (N=l)  and  second  (N=2)  Sonine  approxima¬ 
tions  can  be  calculated  with  reasonable  effort.  The  second  approach 
yields  less  accurate  results,  but  is  algebraically  simpler  so  that  the 
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computation  of  the  higher  order  Sonine.  approximations  can  be  effected. 
Clearly,  this  two-pronged  approach,  will  provide  us  with  a  strong  check 
on  the  consistency  of  our  calculations  of  the  single-'overlap  contribu¬ 
tions  . 


Reduction  of  Collision  Integrals  to  a  7-Dimensional  Form 


When  the  explicit  forms  of  the  Sonine  polynomials  are  inserted 

2  -*■  -*■ 

into  (3*16)  and  use  is  made  of  the  fact  that  1  wn  =  3Wq  1S  same 

n=l 

in  all  velocity  regions,  we  obtain  the  following  expressions  for  the 

,  .  ,  .  so  ,so  ,  so 

matrix  elements  a^,. ,  and  c^- 
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n  n  n 


n  n  n 


SO 

c00  ~ 

2(W1,W1)2  , 

so 

C01  = 

5W1,\i1)2  -  2  (Wx ,WXW* )  2  , 

cso  = 
c10 

5(W1,W1)2  -  2  (WXW£  ,WX)  2  , 

(3 

so 

C11  = 

^-(W1,W1)2-  5(W1,W1Wj)2  -  5  (WjW^W^ 

+  2  (wxw£ ,  W^J)  2  . 

Although  a“~,  f°r  ®xamPle'  is  a  sum  of  two  integrals,  we  shall 

actually  calculate  it  as  the  integral  of  a  two-term  integrand;  this  is 

possible  since  the  integrating  variables  and  domains  are  the  same  for 

both  integrals,  and  is  desirable  since  it  allows  a  precise  estimate  of 

the  uncertainty  in  a  .  Essentially  then,  our  task  is  to  evaluate  twelve 

12 

integrals;  four-each  of  b^°  and  c®£  as  shown  in  (3.17)-(3.19)  .  All 

twelve  integrals  can  be  calculated  in  parallel,  since  the  integrating 
variables  and  the  domains  are  the  same  for  all  [cf.  (3.14)]. 
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Each  integral  in  (3. 17) - (3.19)  has  as  an  integrand  some  specific 

polynomial  form  in  terms  of  the  velocities  W  ,  W  ,  W  .  Our  first  step 

12  3 

-k  a. 

is  to  express  these  polynomial  forms  in  terms  of  the  variables  W  ,  W  , 

0  21 

W  defined  in  (2.36).  The  W  -dependence  of  the  integrands  is  then 
31  0 

■Jk. 

isolated,  and  the  W^-integration  in  (3.14)  can  be  done  analytically. 
This  process  entails  the  application  of  various  integral  forms  of  the 
type  found  in  Section  1.421  of  Chapman  and  Cowling  [1] ,  as  well  as  the 
performance  of  integrals  of  the  type  [cf.  (3.14)] 


//jH  w£e"3W0  =  4kJ* aw0  w£+V3W0  , 


for  various  values  of  n.  The  integrals  (3.14)  are  thereby  reduced  to 
8-dimensional  integrals,  in  which  the  integrands  depend  only  on  the 

-v.  -k. 

velocities  W  and  W  in  regions  I,  II  and  III.  Note  that,  the  velocities 
21  31 

W  (I) ,  W  (I)  and  W  (III) ,  W  (III)  are  determined  completely  by  the 
21  31  21  31 

.  ,  “*■  "*■  ,  ,  ,  A  A 

velocities  W  ,  and  W  in  region  II  and  the  collision  vectors  k  and  k 

21  31  12 

A  -*■ 

(see  (3.10)];  the  collision  vector  k  in  turn  is  determined  by  r  and 

2  31 

W  [see  (3.9)]. 

31 

Jk 

The  fact  that  W  can  be  integrated  out  with  relative  ease  is  a 
0 

consequence  of  the  fact  that  the  dynamics  of  the  collision  sequence  is 
independent  of  the  velocity  of  the  center-of-mass  of  the  three  molecules. 
Another  variable  which  does  not  affect  the  collision  dynamics  for  hard 
sphere  molecules  is  the  scale  with  respect  to  which  all  the  velocities 
are  measured  [this  is  because  the  angle  of  deflection  for  two  colliding 
hard  sphere  molecules  is  independent  of  their  velocities]  .  Suppose,  in 


fact,  we  measure  the  two  velocity  variables  W  and  W  in  units  of  W  : 

21  31  21 
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W21  "  W21Z'  \ 

(3.20) 

W31  =  W21W  J  * 

Essentially,  this  amounts  to  a  change  of  variables  in 

(3.14)  of  the  form 

(^21'^31^  ^21/  W=^31^21^  ' 

(3.21a) 

with 

dW21dW31  =  W21dW21dw 

(3.21b) 

The  independence  of  the  collision  dynamics  with  respect  to  the  velocity  scale 
manifests  itself  in  the  following  facts  If  relations  (3.20)  are  introduced 
into  the  various  integrands,  then  every  term  in  these  integrands  is  found  to 
be  homogenous  in  W^;  that  is,  if  F(w21'w31>  is  a  typical  integrand  term, 
then  we  discover  that 

F(^21'^31)  =  F(W2iZ#W2iW)  =  w£lF(z,w)  / 

A 

with  the  value  of  n  varying  from  term  to  term.  We  note  in  passing  that  k 2 
and  0 (t-t 1 )  are  homogeneous  in  W  of  degree  zero  [cf.  (3-6)  —  (3.9) ]  ,  while 
E  is  homogeneous  of  degree  two  [cf.  (2.39)]: 

E  =  W^E*,  E*  =  |(l+w2-z*w)  •  (3.22) 

[Like  E,  E*  =  E/W2  has  the  same  value  in  all  velocity  regions.]  Therefore, 
if  F(W  ,W  )  is  a  typical  terra  in  the  integrand  of  (3.14),  where  we  now 

—  -k. 

assume  that  has  already  been  integrated  out,  then  we  can  perform  the 
W2^~  integration  analytically  on  a  term-by-term  basis: 
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J  aw3iM3i  J  ' 


dW ^ t  W ^  1  J  3^21^21  e  ) 


21 '  31J 


00  CO 


e"W21E  W^Ffz,*) 


c»  a 

=^|"dw  v^F  (z  ,w)  ^ 
0  0 


dW21W^e-WilE* 


(3.23) 


“E 

We  note  that  the  W^-integration  removes  the  factor  e  and  replaces 

it  by  the  reciprocal  of  E*  raised  to  some  half-odd-integer  power. 

Recapitulating,  the  integrals  in  (3. 17) -(3. 19)  are  dealt  with  in  the 

— ^  ^ 

following  way:  First,  the  integrand  expressions  involving  W^,  are 

—v.  _v. 

converted  to  expressions  involving  ,  W ,  W  by  means  of  (2.36).  Next, 

the  W^-integrations  are  performed  analytically,  thus  reducing  the  integral 

forms  (a,B)  in  (3.14)  from  11  to  8  dimensions.  The  remaining  velocity 
2 

variables  W^,  W3i  3X8  t^len  transformed  to  W^,  w  as  Prescrit>e<i  in  (3.20), 

and  the  integral  over  the  magnitude  W  is  performed  analytically.  The 

integral  forms  (ajB)^  in  (3.14)  then  become  7-dimension  integrals  over  the 

variables  cos30,  (j)  ,  cos0  ,  rk ,  d>.  ,  w,  cos20  .  The-  algebra  involved  in 

r  r  w  w 

carrying  out  this  program  for  the  quantities  in  (3. 17) —(3. 19)  is  lengthy 
and  complicated,  and  we  shall  only  quote  the  results  here.  For  this 
purpose  we  define  the  7-dimensional  integral  form 
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(®  /  3 )  2  - 
0 


2it  2ir  “ 


(20080^) 4  1 


J dcos30  J  dipr  J d<PwJ dw  w3  J  dcos 6rJ  dr “J lcos26w 

-1  0  0  *0  1/2  *1  1-r"2 


(3.24) 


x  eE*■9/2[{o^(I)-a(II)},*^6<IEI:I)-B(II)>, 


where  T  is  given  by  (3.6)  with  W  replaced  by  w  and  T 1  is  given  by  (3.7) 
with  W  replaced  by  w-z,  and  where  the  primes  are  defined  by  (3.12)  with 
w21*k1  and  w31*^2  now  rePlace<*  hy  z*]^  and  w*k2,  respectively.  In  terms  of 
(3.24)  the  matrix  elements  (3.17) -(3.19)  are 


-  3«vv2  +  ”<s1>k1)2  , 


a12  =  7<VE1>2  +  T^(K1.K1)2  +  33(11,L2)2  +  1^I(K1,K2)2  , 


SO  n  It"  r"  \  ,  231  .  .  11  tT~  t  \  .  1287  -±  . 

^21  ^  (1^ » 1*2_ )  2  ^  4  2  ^3  (^2  #!*]_)  2  g  ^ ^2  ' ^1  2  1 


a22  =  3'(Li/Li)2  +  77^1,L2)2  +  77  (£2,^)  2  +  429(L2,L2)2 


(3.25) 


,  1133  k  )  +  2003  /it  v  \  j.  2003  /it  K  )  +  ^-^205  it  * 

+  j— +  g  +  g  ^2'K1'2  +  lg  2 


4719  ^  -»■ 

+  ^-(S,S)2  +  22  (M ,M)  2 
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To  define  the  symbols  K^,  K2,  L^,  ^  S,  M,  J!^,  S^,  k  and  m  appearing 
in  (3.25)-(3.27) ,  some  preliminary  remarks  must  be  made.  First  of  all,  the 
transformation  (3.20),  which  "scales"  the  velocities  in  region  II,  also  ; 
induces  a  scaling  of (Velocities  in  regions  I  and  III  on  account  of  (3.10). 
Thus,  we  have 
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-*■  A  AAA 

z(I)  =  Z^Z-k^  , 
w (I)  =  w-z^k^k^  , 


z (XII)  =  z-w-k2k2  , 
w(III)  =  w-2w-k2k2  , 


(3.28) 


where,  of  course,  z(II) =z  and  w(II)5w.  Now, * it  turns  out  to  be  more 
convenient  to  work  with  the  auxiliary  velocity  variables  [cf.  (2.36)] 


w10(i)  =  [z  (i)+w(i)  ] 

w20(i)  =  -|[w(i)-2z(i)]  ,  i=I  ,11 ,111  .  (3.29) 

w3Q(i)  =  -|[z (i) -2w(i) ] 


The  velocities  w,  .  w„  .  w _  are  the  velocities  of  spheres  1,  2  and  3 

10  20  30 

relative  to  the  motion  of  the  center  of  gravity.  The  expressions  for  the 

-k. 

^  ^  ^ 

quantities  K^,  K^,  L.^,  etc.  are  now  defined  in  terms  of  these  auxiliary 
velocities  w^,  w  and  w^.  Specifically  for  any  region  we  have 


K.  =  E  1  y  w.  w?  , 
1  i=l  10  10 


(3.30a) 


K«  =  E  l  w.  w1:  , 

2  10  lo 


(3.30b) 


i  *_j.  3  ^ 

Li  =  E  2  I  w.  _w. 


i=l 


10  10 


(3.30c) 


i  *  a  3  _ 

L2  =  E  "2  l  W.  w.  w? 

*  io  io  io 


(3.30d) 
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S  =  E 


*  t  3 

f  I  vt  , 
iil  10 


_  *-i  i  *  * 

M  =  E  )  w.  w.  w.  , 

io  10  10  ' 


•**  *  _n 

*1  s  E  w10  - 


*2  =  E  %0W10  ' 


*~k  ...2 


k  =  E  2  w2 

10  ' 


We  also  note  that 


*— ■£  -*■  -*■ 

*  TkT  T.T 


m  =  E  *  w  w 

W10W10 


E  =  IwJo  . 

i=l  10 


(3.30e) 

(3 . 30f ) 

(3 ,30g) 

(3 . 30h) 

(3 .301) 

( 3 . 3  0  j ) 

(3.30k) 


From  the  expression  (3.24)  for  the  collision  integrals  we  see  that  we 
need  to  evaluate  the  quantities  (a(I)-a(II) } ’={a(I) -a(II) }/z.£^  and 
{a(lll) -a(II) } '={a (Ill)-a(II) }/w.k2  for  all  functions  a  defined  in  (3.30). 
With  (3.28)  and  (3.29)  we  can  express  these  quantities  in  terms  of  the 

A  -W  A  A 

vectors  z,  w,  and  the  results  are  listed  in  Table  V. 

As  a  last  step  we  need  to  express  the  vectors  z,  w,  and  k2  in 
terms  of  the  integration  variables  of  (3.24).  This  step  is  not  unique 
in  that  it  depends  upon  which  common  frame  one  chooses  to  work  in.  In 
our  calculations  we  worked  in  a  frame  in  which  the  Z-axis  pointed  along 
-r31«  The  vectors  w  and  r  have  a  simple  representation  in  this  frame 
(see  Fig.  11) 
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Table  V 


The  Quantities  {oc (I)  — ot (IX)  } 1  and  {a(Ill)-a(II) }'  in  the  SO-Integrals 


a 

{a (i) -a  (ii)}* 

e*V2s 

2b<W20"W10+ab) 

E*Ki 

bS-(w^-w20+2ab)k1 

*2* 

E  K2 

b  (-2^0+»b);i0+b  (2»^,«b)w20-  (wl<fW10+2ab)kl 

= 

E*1^ 

A  A  AA 

2  (akjk  -zk  ) 

-  -  - - 

b*2o“20-b”l0"l0+a(”w+U20)klkl+2“!lo”l0kI2W20"20!'l+2ab"30;'l 

-w 

E  M 

2  <W10W10krW20“20VaW30klkl) 

e*1/2e 

-b 

-X 

A 

kl 

* 

E*2 

-^io+(wio"ab)ki 

E*1^ 

A.  A  A 

aklkl+2W10kl 

Notes:  1)  w10=-| (z+w) ,  w20=_5 (w-2z)>  w3Q=-| (z-2w) ,  a=z*klf  b=w3Q-k1. 


2)  xy  =  ;• (xy+yx) ;  xyz  =  \ (xyz  +  xzy  +  yxz  +  yzx  +  zxy  +  zyx) 
2  6 


3)  {a (III) -a (II) } '  is  obtained  from  {a (I) -a (II) } '  by  the  following 

transformation 


A  A  A 

k^H^,  z->w. 


w->-z,  w„  *w„.  ar+a ' , 

20  30  30  20 


b*b'. 


-W  A  -*•  A 

where  a’  =  w*k2  and  b'  =  w20*k2 
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0 

wsin9w  costj)w 

r31  = 

0 

/  w  = 

wsin0.T  sin<f> 
w  w 

-r 

wcos6w 

(3.32) 


The  components  of  z  and  k^  are  obtained  by  applying  the  appropriate 
rotation  matrices,  defined  in  Table  IV,  and  the  components  of  k^  are 
obtained  by  inserting  (3.32a)  and  (3.32b)  into  (3.9). 


=  Ry(-(.*-er>)  *Rz(<f>r>  -Ry("-e) 


sin0cos6;rcos<f>r  -  cos0sin<f>r 
sin0sin4>r 

sin0sin0  cos<J>  +  cos0cos8 
r  r  t 


0 

-sin0r 

„(-(TT-0  ))  -R  (A  )  • 

0 

= 

= 

0 

y  r  z  r 

-1 

COS0r 

r(e-l)cos0  sin0„  cos<f> 
w  w  Tw 

r(e-l)cos0w  sin0w  sin<f>w 

9 

r(e-l)cos  0w+r 

. 

with 


£ 


1-r 


-2 


COS  2  0 


w 


(3.32c) 


(3.32d) 


(3 . 32e) 


(3 . 3  2  f ) 


The  remaining  quantities  in  (3.24)  are  given  by 
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E*  =  |(1+W2-Z»W) 


(3 . 32g) 


T  = 


_1 

w  r(l-e)cos0 


w 


(3 .  32h) 


t*  =  - 


(r3i+ki) • (w-z) 
(w-z) 2 


+  7rV,f<(r31+^1)-  (W-S)} 


(w-z) 


2+ (w-z)  {l-(r31+k1) 2} 


(3 . 32i) 


Substitution  of  the  quantities  of  Table  V  into  (3.24)  and  use  of  eqs. 
(3.32)  completely  specifies  the  SO-integrals  in  7-dimensional  form. 


3.3  Evaluation  of  7-Dimensional  SO-Integrals 

In  the  previous  section  we  have  reduced  the  SO-integrals  to  a 
7-dimensional  form  (3.24)  with  the  functions  a  and  3  defined  in  (3.30)  and 
evaluated  in  Table  V.  Together  with  eqs.  (3.32)  the  integrand  is  thus 
completely  specified  in  terms  of  the  integration  variables. 

In  order  to  evaluate  these  7-dimensional  collision  integrals  we 
resort  to  a  Monte  Carlo  integration  procedure.  However,  the  integral  form 
in  (3.24)  0.8  it  stands  is  not  yet  analyzable  by  Monte  Carlo  techniques, 
because  of  the  infinite  range  of  the  yariajble  w.  We  must  transform  freon  the 
variable  w  to  some  variable  u  which  has  a  finite  range.  One  candidate  for 
such  a  transformation  is 


u  =  (l+w11)"1  , 
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which,  for  any  n>l,  maps  the  infinite  range  (Kw<°°  onto  the  finite  range 
(Ku<l.  However,  an  important  constraint  on  this  or  any  such  transform¬ 
ation  is  that  its  Jacobian  must  not  cause  the  integrand  to  become 
unbounded  as  a  function  of  u;  for  in  a  Monte  Carlo  procedure  both  the 
integrating  domain  and  the  integrand  values  must  be  strictly  finite. 
Consequently,  to  make  a  suitable  choice  of  n  we  must  examine  in  detail 
the  behavior  of  the  integrand  in  (3.24)  near  w=0  (u=l)  and  w «°°  (u=0) . 
This  is  a  rather  laborius  task;  for  not  only  does  w  enter  into  the 
integrand  of  (3.24)  via  the  factor  w3E*-^/^,  but  it  also  enters 
through  the  primed  differences  in  braces  in  (3.24)  [cf.  Table  V] . 

Thus,  each  term  in  (3. 25) -(3. 27)  must  be  examined  in  detail  to  determine 
its  behavior  near  w=0  and  w=°°.  It  turns  out  that,  for  a  and  3  equal  to 
any  of  the  quantities  in  (3.30),  the  primed  differences  in  (3.24)  all 
remain  finite  near  w=0  and  w=°°.  Since,  asymptotically 

w3E  9/2  =  w3/  |  (w2-z  •w+l) 9//2  -  w3/(l+W9)  , 

then  we  consider  the  problem  of  integrating  w3 / (1+w9 )  from  w=0  to  w=w. 
The  proposed  transformation  u=(l+wn)  ^  yields 

00 

w3 

-  dw 

1+w9 

0 

from  which  we  deduce  that  we  must  pick  n<4  to  yield  a  bounded  integrand. 
Since  the  highest  value,  n=4,  should  produce  the  smoothest  behavior  of 
the  integrand  (an  important  consideration  in  Monte  Carlo  applications) , 
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we  therefore  choose  for  our  w  -*•  u  transformation 

U  =  (l+W4)-1  . 

Since  (3.33)  implies  that 

w3dw  =  -i 
w  QW  4  uT  ' 

then  (3.24)  can  now  be  written 

0  27T  27T  1  1  (2cos9  )4  \ 


«x,6)2  h 


— - —  /  dcos38  I  d<j>  I  d<j>  /  du  J  dcos0  i  dr4  /  dcos20 

2V/6  /  J  XJ  J  J  ""I  I  W 

-1  0  0  0  1/2  1  l-r~2 


jja(I)-ct(Il)  }•* {&(lli) -0(H)  } 


(3.33) 


+  0(T-T,){3(I)-3(II)},*{a(III)-O(II)},Jf 


(3.34) 


where  it  is  henceforth  understood  that  the  quantity  w  is  given  by  the 
inverse  of  (3.33): 

.  (3.35) 

One  final  transformation  of  variables  is  needed  to  effect  a  Monte 
Carlo  calculation.  We  wish  to  transform  the  7-dimensional  integrating 
region  ft, 

ft  =  {  (cos30,4>  ,<J)  ,u,cos0  ,r4  ,cos20  )  II  -l$cos30$O  , 

i  W  j.  w 

0<4ir<2iT/  0<4>w< 2tt,  0<u«lr  |<COS0  <1, 

l<r4< (2cos0r) 4 , (1-r-2) <cos20w«l},  (3.36) 
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into  a  7-dimensional  unit  cube 

•  •  •  /^7)  II  i=l  ,2  ,  . . .  ,7  }  .  (3.37) 

This  transformation  would  be  easy  if  were  a  rectangle;  however,  because 

the  boundaries  on  the  variable  r4  depend  on  the  variable  cos8  ,  while  the 

r 

boundaries  on  the  variable  cos20w  depend  on  the  variable  r4 ,  the  method  of 
effecting  such  a  transformation  is  not  so  straightforward.  This  general 
problem  is  discussed  in  a  separate  technical  report  [15] .  For  the  problem 
at  hand  we  used  the  transformation  scheme  [5] 


cos30  =  -1 +ti^  ,  (3.38a) 

<i>r  =  2tt*2  ,  (3.38b) 

<|>w  =  2tta3  ,  (3.38c) 

u  =  *4,  w=[(l-u)/u]1/4,  (3 . 38d) 

2K 3  =  4cos30r-3cos0r+l  ,  (3.38e) 

r4  =  [1+(4cos20  -1)*,] 2,  (3 . 38f ) 

JL  O 

cos20w  =  (l-r"2)+r"2^7,  (3 . 38g) 


where  (3.38e)  defines  cosO^  in  terms  of  through  an  implicit  inversion. 

The  rationale  for  eqs.  (3. 38a) - (3 . 38d)  is  obvious  from  (3. 36) ,  or  equivalently 
from  the  ranges  of  the  first  four  integration  variables  in  (3.34).  The 
unusual  appearance  of  eqs.  (3. 38e) - (3 . 38g)  is  a  consequence  of  the  interde¬ 
pendence  of  these  variables;  these  transformation  equations  were  obtained 
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by  a  "successive  conditioning  method"  discussed  elsewhere  [15] .  Suffice 

I 

it  to  say  here  that  the  transformation  (3.38)  is  such  that  its  Jacobian 
is  equal  to  the  volume  of  as  may  be  verified  directly: 


3  (cos30/<j5r,<|5w,u/coser/r‘t  ,cos20w  ) 
3  ( '  *  *  * 


n 


16tt2 
3  * 


(3.39) 


Thus,  we  may  straightaway  replace  the  integrating  variables  cos30,(J)r, . . . , 

cos20  in  (3.34)  by  the  variables  K  ....  ,K  ,  provided  we  multiply  the 
w  1  2  7 

integral  by  the  constant  factor  in  (3.39).  Our  final  formula  for  (a, 3) 2 
is  therefore 

11  1 

(a'6>2  =  ivi  Jdv-/d/t7 

0  0  0 


x 


J 


a  (I)  -a  (II)}’*  {3  (III) -3  (XI)  }' 


+ 


0(T-T'  )  {0(1) -6 (II)  }'*{a(lll)-a(ll) 


(3.40) 


We  now  summarize  the  definitions  of,  and  relations  between,  the  various 
quantities  that  enter  into  our  calculation  of  the  y=2  quantities  in  (2.22). 
We  have  by  (2.22)  and  (3.15)  and  (3.16) 

-1 


A12(N)  “  (N)  £i1ak(N)aJl(N)ak° 


n12(N)  ~  bQ  (N)  k^Q  AJ0bk(N)bJi  (N)bk? 


N-l  N-l 


SO 


(3.41) 


d*2(n)  = 


-1 


N-l  N-l 


k=o  JoCk(N)CA(N)C" 
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The  coefficients  a^N),  b^fN)  and  c^N)  are  given  in  Table  III.  The 
matrix  elements  a®^,  b®^  and  c®|  are  calculated  from  equations  (3.25)— 
(3.27),  and  evidently  involve  evaluating  integrals  of  the  form  (a, 3) 2* 
These  integrals  are  defined  by  (3.40),  where: 

(i)  the  quantities  cos9,4>r,<{)w,u  (and  w)  ,  cos0r,r,cos0w  are 
obtained  from  the  integrating  variables  ? 


through  eqs.  (3.38), 

rrz 

=  V  1 - -  as  given  xn  (3.32f), 

cos  0,, 


-2 


(ii)  the  quantity  e 


•'w 


(iii)  the  vectors  z,w,ic^,lc2»r3i  are  constructed  in  component  form 
from  the  quantities,  cos9,<{>r,())w,w,cos9r,r/cos0w  through 
eqs.  (3.32), 

(iv)  the  quantities  E*,  T  and  T'  are  given  in  (3.32g),  (3.32h)  and 
(3. 32i)  and  0 (T-f 1 )  is  defined  by 

1  if  T>T ' 

0(T-T')  =< 

0  if  T<T '  , 


(v)  the  quantities  K^,K2,L^,L2,S,M,£^,£2,k,m  in  (3.25) -(3.27) 
are  calculated  in  regions  I,  II  and  III  from  the  vectors 

A  A  A 

z,w,k^,k2  through  the  chain  of  equations  (3.30),  (3.29)  and 
(3.28) , 

-X- 

(vi)  for  a  =  any  of  the  quantities  K^,K2, . . . ,k,m,  the  primed 
differences  in  (3.40)  are  calculated  according  to  the  rules 

{a(i)-adi)}  ’  =  {a(i)-a(ii)}/z*k1  , 

{a (in) -a (ii)}’  =  {a(iii)-a(il)}/w*k2  ; 


these  quantities  are  given  in  Table  V. 
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The  Monte  Carlo  procedure  for  numerically  calculating  the  quantities 


so  .  so  so 


a^,  b^,  ckJl  is  essentially  to  average  the  integrand  in  (3.40)  over  a 
set  of  points  {p  1}={  ^  picked  from  a  random,  uniform  distri¬ 

bution  in  the  7-dimensional  unit  cube  [cf.  (3.37)]; 


(a,  3)  2  =  — - 


(3.42) 


7  L/2  (I) -a  (II) } 1  *  { 6  (III) -3  (II)  } 

24/6  u2E  L 

+0(t-t»)  {6  (I) -3  (II) }  '* {« (III) -a  (II)  } 

The  uncertainty  in  estimating  this  average  with  a  finite  set  of  points 

{pSp2,...^"}  is  given  by  the  r.m.s.  deviation  of  the  quantity  being 

averaged,  divided  by  v^T.  Hence,  our  computational  algorithm  is: 

1°  Generate  7  independent  random  numbers  •  •  t^L-j  from  a 

uniform  distribution  in  the  unit  interval. 

2°  Calculate  the  quantities  cos8  ,<j)  ,d>  ,u  (and  w)  ,  cos9  ,r,cos0 

r  r  w  r  w 

from  Eqs.  (3.38).  In  doing  this,  cos0^  is  obtained  from 
by  numerically  inverting  (3.38e),  and  cos0r,  r  and  cos©w  are 
obtained  in  that  order  from  (3.38e),  (3.38f)  and  (3.38g). 

3°  The  appropriate  integrands  [i.e.,  the  quantities  in  <>  in 


(3.42)  for  a  and  3  as  prescribed  by  (3. 25) - (3.27) ]  are 
evaluated  at  the  given  random  point  by  following  the  procedures 
outlined  in  steps  (ii)-(vi)  above. 

4°  The  computed  value  of  the  integrand,  as  well  as  its  square 
(for  calculating  the  variance  in  order  to  estimate  the  un¬ 
certainty)  ,  are  added  to  respective  running  sums. 

5°  Steps  l°-4°  are  repeated  as  many  times  M  as  is  practical,  and 
then  the  running  sums  are  converted  to  averages,  thus  yielding 

the  estimates  of  aSO,  bS°  and  cS0  along  with  the  uncertainties 
k£  ki  kS, 


in  these  estimates. 
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6°  In  order  to  precisely  estimate  the  variances,  each  matrix 

element  in  (3. 25) -(3. 26)  can  be  calculated  as  a  single  (a,3)2 
integral  by  simply  adding  the  appropriate  integrands  before 
averaging.  Thus,  for  example  a®°  in  (3.25)  is  calculated  by 
averaging  an  integrand  which  is  equal  to:  3x{ integrand  of 
(L1,L1)2)  +  x  {integrand  of  (K  'K  )  ).  Similarly,  A^2(N) 
in  (3.411  is  most  efficiently  calculated  as  the  average  of  an 


integrand  which  is  the  indicated  linear  combination  of  the 


SO  • 

integrands  of  the  a^  quantities. 


In  order  to  reduce  the  uncertainties  in  our  results,  we  resorted 


to  an  empirically  determined  "importance  sampling"  procedure  [15] . 

Instead  of  generating  the  variable  /u  from  the  uniform  density  function 
P(^)=l,  we  generated  according  to  a  properly  chosen  non-uniform 
density  function  P^),  and  included  in  the  integrand  the  factor  l/P(/t„lj 
the  latter  "corrects"  for  the  non-uniform  sampling,  and  "smooths" 
the  integrand.  A  numerical  examination  of  the  extreme  values  of  our  inte¬ 
grands  led  to  the  use  of  the  following  specific  importance  sampling 
density  functions  (all  defined  on  the  unit  interval) : 


P^A'l)  «  exp[-3(l-^t.^)  1  ,  (3.43a) 

P2(^2)  «  l+0.7xsin(2TT-t2) ,  (3.43b) 

p3(^3)  «  1+0.7* sin (2TT/l3)  ,  (3.43c) 

P^(A5)  «  exp(-l.lxA^) ,  (3.43d) 

p6(*6)  «  exp(-0.8xA&) ,  (3. 43e) 

P^(A^)  «  exp(-/l^).  (3.43f) 
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For  a  discussion  of  methods  that  generate  random  numbers  from  a 
prescribed  non-uniform  density  function  the  reader  is  referred  to  a 
separate  technical  report  [15] . 

One-variable  importance  sampling  transformations  of  the  kinds 
listed  in  (3.43)  can  be  expected  to  reduce  the  variances  by  only  a 
limited  amount  (even  with  due  care  in  selecting  an  appropriate 
density  function  for  each  variable).  Furthermore,  as  we  are  evaluating 
a  total  of  18  integrals  simultaneously  [12  for  the  matrix  elements 

bkJT  Ck£  ±n  <3-25)-<3*27) '  and  6  for  Xi2(N)'  n*2(N)'  D12(N)  in  (3'41) 
for  N=1  and  2] ,  then  we  cannot  expect  a  single  set  of  importance 

sampling  formulae  to  be  optimum  for  all  integrals.  As  it  turned  out,  the 

.  *  *  * 

quantities  and  ni2  were  more  in  need  of  help  than  D12'  331,3  the  formu“ 

lae  in  (3.43)  were  chosen  accordingly.  The  effect  of  this  importance 
sampling  procedure  on  the  calculation  of  the  SO-integrals  was  documented 
in  AEDC-TR-71-51  [5],  The  transformations  (3.43)  reduced  the  uncertainties 
in  X*2  and  n^2  to  approximately  2/5  of  the  uncertainties  obtained  with 
"straight"  sampling;  they  also  led  to  a  slight  reduction  of  the  uncer¬ 
tainty  in  D*2  by  a  factor  8/9.  The  uncertainty  in  a  Monte  Carlo  calcu¬ 
lation  is  directly  proportional  to  the  r.m.s.  variation  in  the  integrand 
and  inversely  proportional  to  the  square  root  of  the  number  of  points 
sampled.  The  computer  running  time  is  essentially  proportional  to  the 
number  of  points . sampled,  and  is  increased  only  very  slightly  by  the 
incorporation  of  the  importance  sampling  procedure  of  (3.43).  As  a 


result,  a  one-hour  computer  run  with- importance  sampling  produced  results 


for  A^2  and  h  comparable  in  accuracy  to  a  five-hour  computer  run 
without  importance  sampling. 
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The  results  of  our  calculations  of  the  single-overlap  collision 
integrals  thus  obtained  will  be  presented  and  discussed  in  Section  3.5. 


3.4  Evaluation  of  11-Dimensional  SO-Integrals 


In  the  previous  two  sections  we  considered  those  matrix  elements 
aa°,  an<^  Ck£  ^*at  are  nee^ed  to  determine  the  coefficients  ^^(N), 
T)*2(N)  and  (2.22)  up  to  the  second  Sonine  approximation  N=2. 

However,  preliminary  calculations  of  these  collision  integrals  showed 
that  the  second  Sonine  approximation  X*2 (2)  for  the  thermal  conductivity 
coefficient  X*2  modified  the  first  Sonine  approximation  X*2(l)  by  a 
significant  amount  [5] .  It  thus  appeared  desirable  to  make  a  more  care¬ 
ful  study  of  the  rate  of  convergence  of  the  expansion  (2.22)  for  X*2, 

ni2  and  °12'  thiS  PUrP°Se  "eed  “  °0n6ider  CleI,“tS  °°r- 

responding  to  higher  order  Sonine  approximations  (N>2) . 

In  view  of  the  algebraic  complexities  encountered  in  the  last 
section  for  N=2,  calculations  for  N>2  by  that  method  are  out  of  the 
question,  and  besides,  this  would  not  test  the  correctness  of  our 
calculations  for  N<2.  Any  attempt  to  reduce  the  dimensionality  of  our 
integrals  below  7  would  just  compound  the  algebraic  complexities,  and 
could  clearly  not  correct  any  previously  made  errors.  As  an  alternate 
procedure  we  attempted  to  perform  the  single-overlap  calculations  directly 
from  the  11-dimensional  integral  form  C3.14) ,  From  an  "orthodox"  Monte 
Carlo  standpoint  this  strategy  appeared  to  be  rather  foolish,  since  it 
violated  a  cardinal  rule  of  proceeding  as  far  as  possible  analytically 


before  resorting  to  a  Monte  Carlo  procedure;  furthermore,  the  infinite 
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ranges  in  (3.14)  of  the  variables  W^,  W^  and  W^  would  seem  to  doom  such 
a  procedure  anyway.  Nevertheless,  our  strategy  proved  to  be  quite 
successful,  as  our  results  in  Section  3.4  will  show.  In  this  section  we 
shall  give  the  specifics  of  our  calculation  of  the  11-dimensional  colli¬ 
sion  integrals. 

*  * 

We  shall  evaluate  the  coefficients  °12^  up  to  t*ie 

third  Sonine  approximation  N=3  and  the  coefficient  X*2(N)  up  to  the 
fourth  Sonine  approximation  N=4.  The  expressions  for  the  matrix 
elements  to  be  considered  are  given  in  Tables  VI -VIII. 

3  3 

In  these  expressions  we  have  deleted  terms  with  £  W  and  £  W2, 

n=l  n  n=l  " 

since  they  contribute  nothing.  The  first  four  elements  in  Tables  VI -VIII 
were  given  earlier  in  (3.17)- (3.19) .  However,  our  object  is  now  to  cal¬ 
culate  the  matrix  elements  in  the  11-dimensional  form  (3.14) . 

We  begin  by  specifying  the  vector  WQ  in  the  polar  form  (W^Oq,^)  , 
where  the  polar  angle  0^  and  azimuthal  angle  <j>Q  are  defined  relative  to 
the  coordinate  frame  shown  in  Fig.  11.  Thus, 

d3W  =  W2dW  dcos0  d<J>  . 

0  0  0  0  0 


Further, 

-E 

e 


from  the  definition  of  E  in  (2.39)  we  have 


-rW? 


3  21 

—  e 


-fw? 

.  3  31 


2*- 

.+3W2l'W31 


Thus,  the  integral  form  in  (3.14)  can  be  written 
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Table  VI 


The  Matrix  Elements  a^i 


3  ^  3  ^ 

l  W  W2,  l  w.w 2 
^  ra  m'  ",  n  n 


3  3  " 

=  I  l  »X,  l  W  (Iwf-Jw') 

ImSl  1,1  *  n51  n  2  n  2  n  ^ 

r  3  ...  7  i  3  -» 

=  T  w.  (^w2-^) ,  l  w  .w2 

I  L ,  m  2  m  2  m  '  n  n 
vm=l  n-1  J  2 

’  (  ?.Vm>  fA<%n-'k+'SWri>  , 

^m=l-  n=l-  2 

=  Y  m  /^3wz~-W1*+iw6)  ,  7  w  W2’ 

_",VV  8  m  4  m-  6wm  '  4,  ri-n 
km=l  n=I-  2- 

3  3  *• 

=  f  y  w  (|w2-iwv) ,  y  W .  (^-wv|w4+iw6.)  | 

Ik  m  2-  m  2  m'  '  n-  8  n  4  n  6  n'  I  - 
vm=  l  n=l  J  2 

3*  ■  3  - 

=  f  I  W_  £  W--(|w2-|wl> 

l  **,-  m  8  m  4-  m  b  m  -A,  n  2  n  I  n- 
vm— 1  n=l  1  2 

— •  f  y  W  ( — ■  3w2 --Wv+-W6 )  F  W  (^W2-— W4+"-W? )  1 

1  4,Wmt1TWm  4  in  6  m  '  Af  nl  rri-  4-  n  6  n'}, 

vm— i  n=  JL  i 
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Table  VI  (continued) 
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,  ay 

The  Matrix  Elements 


Note:  (<x,e)0  is  defined  in  (3.14)?  I  is  the  unit  tensor. 
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Table  VIII 


The  Matrix  Elements  c^. 


Note:  (a ,3)2  is  defined  in  (3.14). 
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(0,0),  = 


5/2tt‘ 


CO  00 

/d»owoe"3"0  / 


dM21M21e  3 


lwii  f 

J 


--W2 

dW  ws  e  3  31 
a"31w31e 


0  0  0 

2tt  2tt  2tt  1  0  1 

x/d\fd\[d*'  ^*dcos0o  ^dcos38  J* dcos0^ 

0  0  *0  -1  -1  * 


1/2 


(2cos9  ) 4  1 

■7  “■/. 


,2^: 


dr4  I  dcos  0w  e  exp (3^21^31^ 

,  **  "2 
1-r 


x  jja  (I) -a  (II)  } ’*  {B  (III) -8  (II)  }• 

+  e(T-T')  {e(I)-e(Il)  }  '*  {a  (III)  -a  (I)  }•].  (3.44) 


The  basic  vectors,  namely  the  velocities  Wg,  W^,  in  region  II 
and  the  vectors  and  r^,  may  be  written  in  component  form  by  referring 
to  Figure  11  and  applying  the  necessary  rotation  matrices  defined  in 
Table  IV.  Thus,  we  have  relative  to  the  coordinate  frame  indicated  in 
Fig.  11, 


Wosin0Qcos$o 

Wosin0osin$o 

.  wocos60  _ 


(3.45a) 


(3.45b) 
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w 


31  =  Ky(-<*-e))*V_V*  V7r"6r>* 


W01  sin0  cosd> 

31  w  w 

W31sin0wsin<j)w 

W0- COS0 

31  w 


(3.45c) 


kl  = 


-sin0 

0 

COS0 


(3 ,45d) 


r3i  =  Ry(-(Tr-e)) 


rsin0rcos<j>r 

rsin0rsin<fir 

rcos0r 


(3.45e) 


In  addition,  the  component  representation  of  k is  found  by  inserting 
(3.45c)  and  (3.45e)  into  (3.9),  which  we  repeat  here  for  convenience: 


k2  =  -r31-rW31(l-e)cos0w 


(3.45f) 


The  differences  between  these- component  formulae. and  those  in  (3.32)  which 
were  used  in  the  7-dimensional  calculation  are  due  simply  to  the  fact  that 
we  are  using  different  coordinate  frames  in  the  two  cases.  This  is  per¬ 
missible  since  the  final  answers  are  scalars,  and  hence  can  depend  only 
on  the  vector  dot  products,  which  are  the  same  in  all  coordinate  frames. 

•A. 

Eqs.  (3.45a)- (3.45c)  express  the  region  II  velocities  W^,  w2j/  W3i 
in  terms  of  the  integrating  variables  in  (3.44),  and  eqs.  (3.45d) - (3. 45f) 

A  A 

do  the  same  for  the  collision  vectors  and  With  these  quantities 

^  A  ak 

we  may  calculate  the  velocities  W^(i),  W2^(i),  W^(i)  in  regions  i=I  and 
III  by  means  of  eqs.  (3.10),  and  the  velocities  W^(i),  W2(i),  W^(i)  are 


then  calculated  from  (2.36) 
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Wx(i)  =  w0-i[w21(i)+w31(i)] 
W2(i>  =  W0-|[W31{i)-2W21(i)] 
W3(i)  =  W0-|[w21{i)-2w31(i)] 


i=I,II,III  . 


(3.46) 


Thus,  starting  from  a  set  of  prescribed  values  for  the  eleven  integrating 
variables  in  (3.44),  we  see  that  we  may  calculate  the  velocities  V^(i) , 

-k. 

w  (i) ,  w  (i)  for  all  regions  i=I,II,m.  This  enables  us  to  calculate 
the  primed  differences  in  (3.44)  where  a  and  3  are  any  of  the  specific 
velocity  functions  appearing  in  the  expressions  for  the  matrix  elements 
in  Tables  VI-VIII.  Since  T,  T1  and  £  are  also  known  in  terms  of  the 
integrating  variables  [cf. (3.6),  (3.7)  and  (3.8)],  then  it  would  appear 
that  we  have  everything  needed  to  calculate  the  quantities  as°,  bs°  and 

JCX  KX 

c®°,  and  hence  the  quantities  A*2(n),  n|2(N)  and  D*2(N)  in  (3.41). 

The  difficulty  with  (3.44)  from  a  Monte  Carlo  standpoint  is  the 

infinite  ranges  associated  with  the  variables  W  ,  W  ,  and  W  .  Our 

0  21  31 

method  of  getting  around  this  difficulty  is  as  follows: 

For  a  fixed  integer  n>0  and  real- a>0f  define  the  function 


P(x;n,a)  =  A(n,a)xne-ax 


(3.47a) 


where  A(n,a)  is  such  that 


00 


(x;n,a)dx 


0 


1  . 


(3.47b) 


Using  standard  integral  tables,  one  finds  that  the  required  formula  for 
A(n,a)  is 
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A(n,a) 


r 


—  a1/2 

/if 


n=0 


=  /  _2  2n/2a(n+l)/2 


✓if 


1*3'5*  *  * (n-1) 


2  a 


(n+l)/2 


n=2 f4f 6f  ■  •  ■ 

I  r  n=  1  ,  3  ,  5  ,  b  b  b 


(3.47c) 


We  now  consider  the  transformation  x  -*■  u  defined  by 

x 

ra)dx'  =  F (x;n,a) 


n  P(x*;n,c 


(3.48a) 


Since  P(x;n,a)>0  on  0<x<00,  and  since  F(0;n,a)=0  while  F(°°;n,a)=l 
[cf.  (3.47b)],  then  (3.48a)  defines  an  invertible  mapping  of  the 
interval  0*x<<»  onto  the  interval  0€u<l.  Formally,  we  write  the 
inverse  of  (3.48a)  as 


x 


(u;n,a) . 


.  (3.48b) 


The  Jacobian  of  the  transformation  (3.48a)  is  evidently  such  that 
du  =  P(x;n,a)dx,  or,  using  (3.47a), 


n  -ax  ,  -1,  .  , 

x  e  dx  =  A  (n,a)du. 


(3.48c) 
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Returning  now  to  (3.44) ,  we  introduce  the  transformations 
W0  V  W21  ^  U21'  W31  +  U31  accordin9  to 


UQ  =  F (Wq/2,3)  , 

u2i=  F(W2i,4|)  , 

U31=  F(W31'3/f)  * 


(3 .49) 


This  implies,  by  (3.48c),  that 


-3W*  -fw2  -sW2 

Wje  0dW0.wJie  21dW21-W^e  31dW31 


=  A  1(2r3)du0‘A"1(4,|)du21-A'1(3,|)du31 


■n  3 4 

=  f_  -i-|du„duondu-,  , 

\/I  2 1 0  1°  2131  ' 


(3.50) 


where  we  have  used  the  explicit  formulae  in  (3.47c).  Inserting  (3.50) 
into  (3.44),  we  thus  obtain 

11  1  2tt  27T  2TT  1 

(°'e,2  "  ^Tjrr /dUo/dU2l/du31  f  d«o/d^/d*r/dc°seo 

0  0  o  0  0  0  -1 


0  1  (2cos0r)4  1 

x  J* dcos 39  J*  dcos0r  J*  dr4  J* 
-1  1/2  1  1-r 


dcos26  ,  e  e 
w 

-2 


^21-*31 


X  [{a  (I)  -a  (II)  }  ’*{0  (III)  -fJ  (II)  } ' 

+  0(t-t’  )  {  B (I)  -3  (II)}  '  *{  a  (III)  -a  (II) }  ^  , 
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where  it  is  henceforth  understood  that  the  quantities  W2l'  W3i  are 
to  be  obtained  from  the  following  formulae  [cf.  (3.49)  and  (3.48b)]: 

Wq  =  F  (Uq ;2 ,3)  r  (3 . 52a) 

-1  2 

W2i=  F  (u21 ' 4  #3")  •  (3.52b) 

W31=  F_1(u31;3,|) .  (3.52c) 

We  assume  for  the  present  that  it  is  possible  to  calculate  and  invert  the 
functions  F,  as  required  by  (3.52);  we  shall  consider  the  details  of  how 
this  is  to  be  accomplished  later. 

The  formula  for  (a,8)2  in  (3.51)  is  now  expressed  as  an  integral  over 
the  finite  11- dimensional  volume  fl.' ,  defined  by 

E  {  *u0,u21,u31'*0'*w'*r  ,COse0,cos38,cos6r  ,r4  fcos2ew)  I  I 
0^Uq<1*  0<u21<1,  (Ku3^s1*  0<<f> 0<2tt , 
O<4>w«2ir,,O<(J>r<27rr-l«cos0o<l,-l«cos3  9  <0, 

5<COS0  $1,  l<r^  (2cos9  )  k ,  (l-r"2)$cos2e  «1}  .  (3.53) 

*  ^  ^  w 


For  Monte  Carlo  purposes,  it  is  convenient  to. change  variables  in  such  a 
way  that  the  volume  ft’  is  transformed  into  an  11-dimensional  unit  cube 

=  {  (^i-^ ,tl2'  *  *  * f i=  1 , 2 ,  . . . ,  11^  .  (3.54) 

We  choose  to  do  this  by  essentially  the  same  transformation  (3.38)  which 
carried  the  7-dimensional  region  (2  in  (3.36)  into  a  7-dimensional  cube 


in  (3.37): 
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II 

o 

3 

*1' 

(3.55a) 

U21= 

*2' 

(3.55b) 

U31= 

V 

(3.55c) 

li 

o 

-e- 

2ttA4, 

(3.55d) 

-Q- 

n 

r 

(3 . 55e) 

ll 

-e- 

2  TIVLg, 

(3.55f) 

cos0q  = 

-l+2*7  , 

(3 . 55g) 

cos 3  0  = 

-1+v 

(3 . 55h) 

2*g  = 

4cos 3  0r-3cos0r+l , 

(3 . 55i) 

r“  = 

[l+(4cos2er-l) a1q]  , 

(3 . 55  j ) 

COS20  = 
w 

(l-r-2)+r''2A11. 

(3.55k) 

The  first  8  transformation  formulae  here  are  obvious  from  (3.51)  and  the 

last  three  transformation  formulae  are  identical  to  the  last  three  formulae 

in  (3.38);  note  that  (3.55i)  defines  cos0  in  terms  of  A  through  an  implicit 

r  9 

inversion.  As  in  the  7-dimensional  case,  the  Jacobian  of  this  transformation 
is  simply  equal  to  the  volume  of  fi': 


3 (U0/U21'U31'^0' *  * ' 

"  9  (*1  rfL2,fL3r  *  *  *  *^11^ 


64tt  3 

~ 3~ 


(3.56) 
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Thus,  we  may  straightaway  replace  the  integrating  variables  in  (3.51) 
by  the  variables  A. ,A  , . . .  ,A  ,  provided  we  multiply  the  integral  by 
the  constant  factor  in  (3.56).  Our  final  formula  for  (0,0)^  is 
therefore 

11  1 

(a,P)2  =  jg-Q  J*dAi  2'"  J*d/in£ex P^3^2l'W31> 


c  Jjo  (I)  -a(II)  } '*{0(111)  -0(11)  }  1 
+0(t-t')  {&(!) -B  (II)  }  '*  {a  (III)  -a  (II)  } . 


(3.57) 


In  summary,  the  calculation  of  the  11-dimensional  integrals  proceeds  in 
the  following  way: 

(i)  The  quantities  u„ ,u__  ,u„,  ><P  ,cos0  .cos0,cos0  ,r, 

0  21  31  0  w  r  0  r 

cos©  are  obtained  from  the  integrating  variables  A  ,A  , ..., 

W  X  z 

A  through  eqs.  (3.55)  [with  an  implied  inversion  in  (3 •  55i)  ]  . 

(ii)  The  quantities  W  ,W  ,W  are  obtained  from  u  ,u  ,u  through 

H  0  21  31  0  21  31 

eqs.  (3.52)  [cf.  discussion  below] . 

(iii)  The  vectors  wo,W21,W31'^l,r31  are  otta^ned  from  (3.45) ,  using 
the  matrices  in  Table  IV. 

(iv)  The  quantities  e,T,T’,k2  are  calculated  from  eqs.  (3.6)-(3.9), 
and  Q(t-t')  is  set  to  1  if  t>t'  or  0  if  t£t'. 

(v)  From  the  region  II  velocities  Wq'W2^  an<*  W3i'  the  collision 

/s. 

vectors  k,  and  k„,  the  velocities  W  (i)  ,  W  (i) ,  W  (i)  in 
12  12  3 

regions  i=I,II,III  are  calculated  via  eqs.  (3.10)  and  (3.46). 


94 


AEDC-TR -73-171 


(vi)  The  primed  differences  in  (3.57)  are  then  calculated 
according  to  the  definitions  (3.12)  for  the  quantities 
a  and  0  appearing  in  the  expressions  for  the  matrix 
elements  in  Tables  VI -VIII. 

(vii)  The  various  matrix  elements  as°,  bs°,  cs°  are  calculated 

k  A  k£  kx, 

by  evaluating  the  integrals  (a,0)2  in  Tables  VI-VIII; 

the  coefficients  X*  (N) ,  q*  (N) ,  D*  (N)  are  computed  from 
12  12  12 

(3.41)  using  the  coefficients  given  in  Table  III. 

We  now  describe  how  the  crucial  calculations  in  (3.52)  were  carried 
out.  The  function  F(x;n,a)  is  defined  in  (3.48a).  Using  the  definitions 
of  P(x;n,a)  and  A(n,a)  in  eqs.  (3.47),  one  can  derive  by  a  somewhat  te¬ 
dious  induction  argument  the  following  explicit  expression  for  F(x;n,a): 


F  (x;n,a, )  =  4 


C  2^-ax2  r  n(2  (2ax2) 

[erf  (x/i)-  T^e  x/a  I  j-—— 

-ax2^1*/2 


v-1 

1 • 3*  5 • • •  (2v-l) 


1  -  e 


l  (ax2) 
v=0  vi 


2x  v 


,  n  even  , 

,  n  odd  . 
(3.58) 


Here,  erf(x)  is  the  "error  function", 

x 


erf  (x)  = 


-  2  f  e"tS 

-  e 


dt  (x»0)  , 


(3.59) 


and  F (x;n=0,a)=erf  (x/a).  Now,  for  fixed  values  of  n  and  a,  eq.  (3.58) 
allows  us  to  evaluate 


u=F(x;n,a) , 

for  any  given  x  in  (0 ,°°) .  Thus,  by  using  a  numerical  inversion  technique 
on  the  computer,  it  is  possible,  for  fixed  values  of  n  and  a,  to  find  the 
value  of  x  which  satisfies  the  above  relation  for  a  given  value  of  u  in 
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(0,1) .  This  is  precisely  the  procedure  that  we  used.  We  employed  an 

alternating  "successive  bisection/inverse  linear  interpolation"  method 

to  accomplish  the  numerical  inversion  [the  inverse  linear  interpolation 

procedure  by  itself  will  not  converge  for  values  of  u  near  1,  since 

dx/du-*”  as  u-*-l] .  The  evaluation  of  F(x;n,a)  for  a  given  x  was  always 

carried  out  in  double-precision  to  minimize  computer  round-off  error. 

This  procedure  required  a  double-precision  error  function  subroutine 

for  even  values  of  n^.  The  double-precision  error  function  calculation 

is  rather  involved,  with  the  result  that  inversions  of  u=F(x;n,a)  for  n 

even  are  considerably  slower  than  for  n  odd.  In  the  actual  calculations, 

we  found  it  convenient  to  modify  (3.44)  by  changing  and  -*W®  , 

and  then  incorporating  into  the  integrand  a  factor  1/W  w  ) .  Then  the 

0  21 

n-values  in  (3.49)  are  all  odd,  so  that  the  inversions  required  by  (3.52) 
are  more  rapidly  accomplished  (but  note  that  the  factor  in  (3.50)  must  be 
modified  accordingly) . 

An  important  point  which  was  not  investigated  analytically  was  the 
boundedness  of  the  integrand  in  (3.51),  especially  for 
The  boundedness  of  the  integrand  in  the  original  integral  (3.44)  was 
assured  by  the  exponentials  multiplying  dWg,  dW2i  311(3  ^31'  but 
quite  possible  that,  in  transforming  from  an  infinite  to  a  finite  inte¬ 


gration  region  by  means  of  (3.49),  we  rendered  the  integrand  unbounded. 

Certainly,  the  factor  exp(|w^*W^)  in  (3.51)  as  well  as  the  Sonine 

polynomials  used  for  a  and  S  are  unbounded  functions  of  W _  and  . 

21  31 


We  are  indebted  to  I.  Stegun  and  R.  Zucker  of  the  National  Bureau 
of  Standards  for  providing  us  with  a  double-precision  error  function 
subroutine  (subroutine  ERRINT) . 
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Essentially,  we  proceeded  blindly  in  the  hope  that  the  intricasies  of 

the  integrand  (i.e.,  the  differences  and  scalar  products  that  are  taken) 

would  work  to  counteract  these  features  and  keep  things  bounded.  The  final 
*  *  * 

answers  for  JL  (N) ,  n,0(N)  and  D  (N)  seeded  satisfactory  in  this  respect, 

lb 

The  Monte  Carlo  algorithm  for  numerically  calculating  the  quantities 

aS°,  bso,  cso  is  to  evaluate  (3.57)  for  the  required  functions  a  and  B 
k£  k£  k£ 

by  averaging  its  integrand  over  a  set  of  points  {px}={A^  ,  •  • .  fA1  )  } 

picked  from  a  random,  uniform  distribution  in  the  11- dimensional  unit 
cube  U  [cf.  (3.54)]: 


(“'S)2  ■ 


e  exp  <fw21;»31>  |ja(l)-a(II)},*{3(xil)-B (XI)}  1 


+  0 (t-t’ ) {B  (D-B (II) }’*{a(iii) -a (ii) } • 


11 


(3.60) 


The  uncertainty  in  estimating  this  average  with  a  finite  set  of  points 

{p\p2,...,PM}  is  given  by  the  r.m.s.  deviation  of  the  quantity  being 

averaged,  divided  by  v^M.  Hence,  the  Monte  Carlo  algorithm  is: 

1°  Generate  11  independent  random  numbers  A  ,A  ,  ...,A  from  a 

1  2  11 

uniform  distribution  in  the  unit  interval. 

2°  Using  the  steps  (i) -(vii) [following  eq.  (3.57)],  evaluate 

the  various  integrands  at  the  point  (A  ,A  ,  ...,A  ). 

1  2  11 

3°  Add  the  values  of  these  integrands,  and  also  the  squares  of 
these  values  (for  computing  the  r.m.s.  deviations) ,  to 
respective  running  sums. 
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4°  Repeat  steps  l°-3°  as  many  times  M  as  is  practical,  and  then 
convert  the  running  sums  to  averages,  thus  yielding  the  esti¬ 
mates  of  the  integrals  along  with  the  uncertainties  in  these 
estimates . 

As  in  the  calculations  of  the  7-dimensional  integrals,  we  again 
used  an  empirically  determined,  single-variable  importance  sampling 
procedure  to  reduce  the  uncertainties  in  our  results.  The  specific 
importance  sampling  functions  used  were  as  follows: 


P1<V 

oc 

l+0.45cos  (2itA.^)  , 

(3.61a) 

P2(*2'] 

u 

(piecewise  linear  function 
(through  points  (0,0, 1.0), 

(3.61b) 

p3 

n 

(0.8, 1.0),  (0. 9,1. 5) , (0.95, 
^2.0)  ,  (0.98,4.0)  ,  (1.0, 9.0) 

w 

cc 

l+.0.45cos  (2tm.4)  , 

(3.61c) 

w 

cc 

1+  0. 65cos  (27T7t5)  , 

(3.61d) 

w 

cc 

1+  0. 65cos  (2tttl_)  , 

b 

(3.61e) 

w 

GC 

exp  (-A.y)  , 

(3.61f) 

P8  ^8^ 

OC 

exp  [-3  (1-^.g)  ]  , 

(3.61g) 

vv 

oc 

exp(-2*9) 

(3 . 61h) 

o 

o 

oc 

exp(-^i0)  , 

(3.61i) 

11  Ull} 

oc 

exp  (-2*.^)  . 

(3.61j) 

This  importance  sampling  proceedure  reduced  the  r.m.s.  variation  in  the 
key  integrands  by  a  factor  of  nearly  4,  and  thus  reduced  the  running  time 
required  for  a  given  level  of  accuracy  by  a  factor  of  roughly  42=16. 
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3.5  Single-Overlap  Results 

The  single-overlap  collision  integrals  derived  in  Section  3.2 

were  computed  in  a  7-dimensional  form  according  to  the  procedure 

described  in  Section  3.3  by  a  computer  program  called  Subroutine  OVKLAP. 

Those  collision  integrals  were  evaluated  that  determine  the  contribution 

to  the  transport  coefficients  in  the  first  (N=l)  and  second  (N=2)  Sonine 

approximations.  The  values  thus  obtained  for  the  coefficients  X*  ,  n*  , 

12  12 

D*  are  presented  in  Table  i.  At  the  same  time  we  calculated  the  values 
12 

SO  so  so 

of  the  individual  matrix  elements  a  ,  b  . ,  c  ;  the  values  obtained  for 

ki  kJl  kl 

these  matrix  elements  are  presented  in  Table  ii . 

For  each  quantity  we  show  the  results  of  four  "runs"  of  Subroutine 
OVRLAP  on  the  University  of  Maryland  1108  computer.  Each  run  used  200,000 
random  points  in  the  7-dimensional  unit  cube,  and  required  about  40 
minutes  of  "c.p.u.  time"  or  22  minutes  of  "core  time"  [computer  charges 
are  calculated  on  the  basis  of  core  time] .  The  uncertainties  in  each  run 
represent  one  standard  deviation  (~65%  confidence  limits)  and  become  two 
standard  deviations  [-95%  confidence  limits)  in  the  averages.  This 
procedure,  of  performing  each  calculation  as  four  independent  "runs"  and 
then  averaging  the  results,  was  followed  in  almost  all  our  calculations. 

It  is  to  be  preferred  over  making  a  single  long  run  [i.e.  in  this  case 
the  "averages"  are  equivalent  to  one  run  with  800,000  random  points  in 
the  7-dimensional  unit  cube] ,  because  it  allows  one  to  insure  that  the 
fluctuations  in  the  results  are  indeed  of  the  same  order  of  magnitude  as 


Tables  of  three-particle  collision  integrals  are  headed  with  lower 
case  Roman  numerals  and  are  placed  in  the  Appendix. 
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the  r.m.s.  deviations  predict.  This  procedure  was  also  used  as  a 
precaution  against  having  a  single  long  computer  run  totally  invalidated 
by  a  computer  fault. 

Monte  Carlo  estimates  for  these  single-overlap  collision  integrals 
were  first  reported  in  AEDC-TR-71-51  [5].  The  earlier  results  were 
obtained  with  the  same  subroutine*  but  were  based  on  50,000  random  points. 
A  comparison  between  the  new  and  earlier  results  is  presented  in  Table  iii. 
As  can  be  seen  from  this  table,  we  have  now  reduced  the  uncertainty  in 
these  collision  integrals  by  a  factor  4  to  5. 

In  order  to  interpret  the  results  we  remind  the  reader  of  the  fact 

£  tff  iff 

that  the  coefficients  X  ,  T)  and  D  represent  the  first  (y=2)  correc- 

12  12  12 

tions  to  the  value  unity  predicted  by  the  theory  of  Enskog  [cf.(2.21)]. 
From  Table  i  we  conclude  that  in  the  first  Sonine  approximation^ 

X*  (1)  =  -0.0303+0.0003 
12 

r\*  (1)  =  -0.063310.0004  ,  (3.62) 

12 

D*  (1)  =  -0.119510.0005 
12 

and  in  the  second  Sonine  approximation 

0.024810.0003 

0.062110.0004  .  (3.63) 

0.116010.0005 


V2>  -  - 

n^U)  =  - 


D12<2)  =  - 


T 

All  uncertainties  quoted  in  the  text  represent  two  standard 
deviations  (95%  confidence  limits) . 
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The  single-overlap  collisions  are  thus  seen  to  reduce  the  excluded 
volume  effect  (unity)  predicted  by  the  theory  of  Enskog. 

It  was  also  inferred  from  these  calculations,  that  the  differences 
between  the  second  and  first  Sonine  approximations  are 


X* 

(2) -X*  (1) 

=  +0.005510.0001 

/ 

12 

12 

* 

n 

(2)-n*  (1) 

=  +0 . 0012±0 . 0001 

f 

12 

12 

D* 

(2) -D*  (1) 

=  +0.003510.0001 

12 

12 

(3.64) 


The  second  Sonine  approximations  X  (2)  ,  r|  (2)  and  D  (2)  for  the  transport 

0  0  0 

coefficients  in  the  low  density  limit  (2.13)  modify  the  first  Sonine 

approximations  X  (1),  r)  (1)  and  D  (1)  by  about  2%  as  can  be  seen  from 
0  0  0 

Table  III.  On  comparing  (3. .64)  and  (3.62)  we  note  that  the  second  Sonine 

^  fg 

approximations  r|  (2)  and  D  (2)  modify  the  first  Sonine  approximations 
12  12 

again  by  a  few  percent;  however  the  coefficient  X*  (2)  for  the  thermal 

12 

conductivity  differs  from  X*  (1)  by  as  much  as  18%.  This  phenomenon  was 

12 

noted  earlier  in  AEDC-TR-71-51  [5]  and  it  motivated  us  to  conduct  a  study 

of  the  rate  of  convergence  of  the  Sonine  expansion  (3.41)  for  the  coef- 

...  *  *  ,  * 
fxcients  A  ,  r)  and  D 

12  12  12 

For  a  study  of  the  higher  Sonine  approximations  we  used  the  11-dimen¬ 
sional  Monte  Carlo  procedure  described  in  Section  3.4.  From  the  results 
quoted  in  (3.63)- (3.64)  we  see  that  the  uncertainties  in  the  differences 

X*  (2)-X*  (1),  n*  (2)  — ri*  (1),  D*  (2}-D*  (1)  are  smaller  than  the  uncertain- 
12  12  12  12  12  12 

ties  in  the  individual  coefficients  (3.62)  and  (3.64),  owing  to  a  strong 

positive  correlation  between  the  first  and  the  second  Sonine  approximation 

integrands.  Similarly,  in  order  to  determine  the  effect  of  the  higher 

order  approximations  a  higher  precision  can  be  obtained  by  calculating 

the  differences  X*  (N)-X*  (N-l)  ,  n*  (N)-T)*  (N-l)  ,  D*  (N)-D*  (N-l)  directly. 
12  12  12  12  12  12 
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We  have  computed  these  differences  up  to  the  third  Sonine  approximation 

(N=3)  for  ri*^  and  D*^  and  up  to  the  fourth  Sonine  approximation  (N=4)  for 

A*  .  The  results  were  obtained  by  the  11-dimensional  Monte  Carlo  pro- 
12 

cedure  using  a  computer  program  called  Subroutine  0VLP11;  the  results  are 

presented  in  Table  iv.  Again  each  quantity  was  determined  from  four 

independent  runs  of  Subroutine  OVLPll.  For  the  thermal  conductivity 

quantities  each  of  the  four  runs  used  100 #000  random  points  in  the  11- 

dimensional  unit  cube  and  required  22  minutes  of  c.p.u.  time  or  17 

minutes  of  core  time.  For  the  other  quantities,  each  of  the  four  runs 

used  30,000  random  points  in  the  11-dimensional  unit  cube  and  required 

about  11  minutes  of  c.p.u.  time  or  9  minutes  of  core  time.  The  values 

SO  so  so 

obtained  simultaneously  for  the  individual  matrix  elements  a  ,  b  ,  c 

Jv  ai  JCi  JCXi 

are  presented  in  Table  v. 

For  the  collision  integrals  that  determine  the  first  and  second 

Sonine  approximations  to  A*  ,  ri*  ,  D*  we  can  make  a  comparison  between 

12  12  12 

the  numerical  estimates  obtained  with  the  7-dimensional  and  11-dimen¬ 
sional  Monte  Carlo  procedures.  Such  a  comparison  is  presented  in  Table  vi; 
it  turns  out  that  the  results  of  the  two  different  integration  procedures 
are  in  excellent  agreement.  Considering  the  relative  complexities  of  the 
7-dimensional  and  the  11-dimensional  integrals  we  judge  the  11-dimen¬ 
sional  approach  to  be  the  more  appropriate  computational  scheme  for 
determining  the  higher  order  Sonine  approximations. 

Another  consistency  check  on  our  calculations  is  provided  by  the 
symmetry  relations  (3.15) 


_so  _  _so 
*k£  a£k' 


.so  _  .so  so  _  _s 
bki,  b£k'  Tct  $ 


(3.65) 
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Our  programs  deliberately  avoided  assuming  these  relations.  Thus  the 
fact  that  all  the  relations  (3.65)  are  held  in  Tables  ii  and  v  to  within 
the  calculated  uncertainties  constitutes  another  check  of  the  consist¬ 
ency  of  these  computations. 

The  data  in  Tables  i  and  iv  enable  us  to  determine  the  rate  of 
convergence  of  the  Sonine  expansion  (3.41)  for  the  contributions 
A*^,  T)*^,  D*^  from  the  single-overlap  collisions.  The  results  are 
summarized  in  Table  IX.  It  turns  out  that  the  rate  of  convergence,  in 
particular  for  the  thermal  conductivity,  is  lower  than  the  rate  of  con¬ 
vergence  of  the  corresponding  expansion  (2.13)  for  the  transport  coef¬ 
ficients  Aq,  F|q,  from  the  linearized  Boltzmann  equation.  In  order 

to  determine  the  coefficients  A  ,  p  ,  D  to  within  one  percent  it  is 

0  0  0 

sufficient  to  terminate  the  expansion  (2.13)  after  the  second  Sonine 
approximation.  However,  if  one  wants  to  determine  the  coefficients 

*  *  *  it 

A  ,  r)  ,  D  to  within  one  percent,  it  is  necessary  to  evaluate  ri  (N) 

12  12  12  *  12 

D*  (N)  up  to  the  third  Sonine  approximation,  and  A*  (N)  up  to  the  fourth 
12  12 

Sonine  approximation.  Note  that  all  higher  order  Sonine  approximations 
have  the  effect  of  reducing  the  difference  with  the  value  unity  estimated 
by  the  theory  of  Enskog. 

An  independent  attempt  to  evaluate  the  effect  of  the  overlap  col¬ 
lisions  on  the  first  density  correction  to  the  transport  properties  was 

made  by  Condiff  and  coworkers  [16,17].  For  this  purpose,  they  evaluated 

-  ★  * 

a  contribution  to  the  transport  coefficients  classified  as  A  ,  ti 

EVD  EVD 

*  • 

and  D _ .  The  abbreviation  "EVD"  indicates  that  these  terms  incorporate 

EVD 

excluded  volume  as  well  as  dynamical  effects.  However,  as  pointed  out  in 
Part  I  [3] ,  the  EVD  term  of  Condiff  et  al.  does  not  account  for  all 
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Table  IX 


Rate  of  Convergence  of  Sonine  Expansion  for  the  Single-Overlap 
Contributions . 


Absolute  value  [a] 

Percentage  lb] 

* 

*12  U) 

-0.030310. 0003 

100 

X12(2)"X12(1) 

+0.005510.0001 

-18 

*  * 

X12 *3)“X12  ^ 

+0.001410.0001 

-5 

*  * 

X12  ^_X12  ^ 

+0.0003510.00003 

-1 

n*2U) 

-0.063310.0004 

100 

n12  -r|12  ^ 

+0.001210.0001 

-2 

n12  ^ ”n12  ^ 

+0.0003810.00006 

-0.6 

d*2<1) 

-0.119510.0005 

100 

*  * 

D12(2)"D12{1) 

+0.003510.0001 

-3 

*  * 

°12  ^  “°12  ^ 

+0.001110.0001 

-0.9 

[a]  Uncertainties  represent  two  standard  deviations. 

[b]  Change  in  going  from  the  to  the  *(N+l)th  Sonine 
approximation  in  percentage  of  the  value  for  N=l. 
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single-overlap  contributions;  it  includes  the  SS-collisions  and  SN- 

collisions  in  Fig.  3  but  does  not  incorporate  the  NS-collision  sequence. 

Thus  Condiff  et  al.  did  not  evaluate  the  full  collision  integrals 
(3)  (3) 

frprXj  J  and  (#»Xj  '  defined  in  (2.25)  but  considered  instead 

2  2 


-  {<h  v}  ^  +  {tli. v} 

lv,A/EVD  lv'x/SS  x^,x;SN 

(lit  =  *>,X>(3)  .  (^,xH3) 

EVD  SS  SN 


(3.66) 


[The  additional  collision  integral  corresponding  to  the  NS-collision 
sequence  was  incorporated  by  Condiff  et  al.  in  a  term  called  TCI  as 
discussed  in  AEDC-TR- 72-142  [3]]  .  On  comparing  (3.66)  with  (2.26)  and 
(3.1)  we  see  that  the  EVD  contributions  may  be  calculated  by  our  com¬ 
putational  procedure  provided  that  we  replace  0(t-t‘)  by  zero  for  all 
values  of  x  and  T 1 . 

We  have  thus  calculated  the  coefficients  X  ,  f|  and  D  up  to 

EVD  EVD  EVD 

the  second  Sonine  approximation  using  again  our  subroutine  OVRLAP.  The 
results  are  presented  in  Table  vii.  Each  run  involved  100,000  points 
in  the  7-dimensional  unit  cube  and  required  about  20  minutes  of  c.p.u. 
time  or  11  minutes  core  time.  Condiff  et  al.  have  evaluated  the  coef¬ 
ficients  X*  (1) ,  n*  (1)  and  D*  (1)  in  the  first  Sonine  approximation. 
EVD  EVD  EVD 

Since  they  did  not  include  the  quantity  0(t-t')  in  (3.1)  they  were  able 

to  evaluate  their  results  as  3-dimensional  integrals  using  a 

Gauss ian-Legendre  numerical  technique.  Thus  a  comparison  of  our  values 

for  X*  (1)  ,  f|*  (1)  and  D*  (1)  with  those  obtained  by  Condiff  et  al. 

EVD  EVD  EVD 

yields  another  consistency  check  of  our  Monte  Carlo  procedure.  The 

results  obtained  for  X*  ,  n*  and  D*  by  the  two  investigations  are 

EVD  EVD  EVD 
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summarized  in  Table  X.  The  numerical  estimates  for  the  first  Sonine 
approximations  are  in  excellent  agreement.  In  addition,  our  program 

enables  us  to  determine  the  effect  of  the  higher  order  Sonine  approxi- 

*  *  * 

mations  to  the  coefficients  a  ,  ri  and  D  .  It  appears  that  the 

EVD  EVD  EVD 

rate  of  convergence  of  the  Sonine  expansion  for  the  EVD  terms  is  the 

same  as  that  for  the  total  contribution  from  the  single-overlap  col- 

* 

lisions,  shown  in  Table  IX;  the  second  Sonine  approximation  A  (2)  , 

EVD 

*  * 

n  (2) ,  D  (2)  again  modify  the  first  approximation  by  18%,  2%  and 
EVD  EVD 

3%,  respectively. 


106 


Table  X 


107 


AEDC-TR-73-171 


Condiff  et  al* [16,17] 
-0.026228±0. 000001 

-0.052707+0.000001 

-0.09442+0.00002 


deviations 
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Chapter  IV 

SEQUENCES  OF  THREE  SUCCESSIVE  COLLISIONS 


4.1  Introduction 

In  order  to  determine  the  contribution  of  sequences  of  three  suc¬ 
cessive  collisions  (y=3)  we  need  to  consider  the  collision  integrals  (2.30) 


U,X>j3)  =  I  {*,X>33) 

J  v=l  J 


V=1 


(4.1) 


where  Ol^x)^  and  {i/^x)^  are  defined  in  (2.31).  It  is  again  convenient 
to  introduce  a  notation  that  covers  both  the  collision  integrals  {ll^X^3* 
and  For  purpose  we  define  in  analogy  to  (3.3) 


<a.B>,  -  (-l)"-1  ^  f  dtl  e_<Wl+W2+W3) 
JV  IOtt6  J 


n 


3v 


*  {a(I)-a(II)}*{3(IVv)-3(IIIv))  ,  (4.2) 


where  the  Roman  numerals  refer  to  the  velocity  regions  in  the  diagrams 
of  Fig.  7. 

A  more  detailed  representation  of  these  collision  sequences  is  given 
in  Fig.  12.  The  velocities  W^=W^(II)  are  the  velocities  after  the  first 
collision.  The  collision  vector  of  the  first  collision  is  indicated  by 

^  a 

and  that  of  the  second  collision  by  k^.  The  integrand  is  completely 

^  A  A 

specified  by  the  variables  W.^,  W 2,  V»3,  k^,  k2  and  the  time  T  between  the 
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first  and  the  second  collision.  The  initial  velocities  W^(I)  are  given 
by 


”l(I)  =  ^l+^21*klkl 

v  A  A 

W2(I)  =  w2“W21*klkl  ,  (4.3) 

w3(i)  =  w3 


The  formulae  for  the  velocities  W^(III)  and  W^(IV)  in  regions  III  and  IV, 

A 

and  also  the  formulae  for  the  collision  vector  of  the  third  collision 

and  the  time  between  the  second  and  third  collisions,  depend  upon 

whether  we  consider  the  R(V=1) ,  H(v=2)  or  C(v=3)  diagrams.  We  thus  write 

W^III^),  W± (IVV)  ,  k3v  and  to  distinguish  these  quantities  for  the 

different  diagrams,  as  indicated  in  Fig.  12.  The  velocities  (IIIy)  and 

W. (IV  )  are  given  by 
IV 


wx( III x) 
W^III^ 


V”3l'k2k2 


=  W, 


(V=l)<^ 


W3(III1)  =  w3-w31.k^2 


w1(iv1) 


w2(iVl) 

VIvi> 


W1(III1)4.W21(III1)-k31k31 
W2  (III1)-W21(III1)-k31k31 


=  W3(III1) 


(4.4) 


(4.5) 
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W1(III2) 


W2(III2) 


(v 


=  2)< 


VIV2> 

w2(iv2) 


=  w„ 


=  w. 


W3  (III2)  =  W3 


=  w. 


W2+W32  *k32k32 


A  A 


W3~W32*k32k32 


(4.6) 


(4.7) 


w1(in3) 

w2  (iii3) 


(v 


=3)< 


W,+W-,,  -k^ 


1  31 


=  W, 


w3(in3)  = 


wi(iv3) 


W3~W31  *k2k2 


w1(in3) 


w2(iv3)  =  w2  (in3)+w32  (iii3) -k33k33 


A  A 


w3(iv3) 


W3(III3)-W32(III3).k33k33 


(4.8) 


(4.9) 


In  terms  of  the  definition  (4.2)  we  may  rewrite  the  collision 


integrals  (4.1)  as 

-  <1’,X)3V 


(4.10) 


3  3 

where  '?=  !>  ip_  and  X-  l  xn  as  in  (2.42),  and 
m=l  n=l  n 


(*,x><3>  - 


3v 


=  2 


3 

I 

n=l 


(^n'Xn)3v 


(4.11) 
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From  Fig.  12  we  note  that,  for  V=2  and  v=3,  only  particle  2  participates 
in  both  the  first  and  the  third  collisions;  hence,  for  V=2  and  v=3  only 
the  term  n=2  contributes  to  (4.11).  However,  for  v=l,  particles  1  and  2 
participate  in  the  first  and  third  collisions;  hence,  for  this  diagram 
the  two  terms  n=l  and  n=2  contribute  to  (4.11).  The  collision  integrals 
(4.11)  for  the  self-diffusion  thus  reduce  to 

-  2«'2-X2)3v  +  261V(*1,X]L)3U.  (4.12) 

where  6^  y  is  the  Kronecker  delta. 

In  determining  the  effects  of  three  and  four  successive  collisions 

on  the  transport  coefficients  X  ,  Tl  ,  D  we  shall  consider  only  the  first 

111  * 

Sonine  approximation  N=1  in  (.2,21) .  The  consequences  of  this  limitation  will 
be  discussed  in  Section  6.1,  We  thus  consider  the  collision  integrals 


X13(D 


n*3(l) 


dL<1> 


where 


^  X13v{1) 


v=l 

3 

l 

v=l 

3 


^  n13v(1) 


=  l  W15 


v=l 


X13v(1)_ 


W1)  = 


J1SH>  (Wn>"n 

(Wm>  (Wn)5nSn 


(1) 


(4.13) 


(4.14) 


3  V 
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D13v<1)=-2 


Sj/°)(W2)52'  Sy“)<W2)S2 


3v 

% 


-25i,v|sv°)(Mi>"x-s%)<Mi>"i 


(4.14  cont.) 


3V 


In  these  expressions  we  may  insert  the  explicit  forms  of  the  Sonine 

polynomials  (see  Table  I) .  Using  the  fact  that  7  W  and  7  W2  do  not 

Ln  n  ^n  n 

change  in  a  collision,  the  collision  integrals  (4.14)  reduce  to 


l  W  W2,  7  W  W2 
13v  U=1  m  m  n=l  n  n 


l113v(1,“  " 


3  ^  ^  3 

I  wmw  ,  7  w  w 

Lrn=l  n=ln  n 


d13v(1^-  2^1+ht^ 


w2 


3v 


3v 


3v 


(4.15) 


In  the  last  equation  for  the  self -diffusion  coefficient  D„  (1)  we  have 

13v 


made  use  of  the  fact  that 


{Wx  (I)  -Wx  (II)  }  •  {wx  (iv^)  -w1  (III)  x) } 

=  {W2  (I)  -W2  (II)  }  •  {W2  (IVX)  -W2  (III1)  } 

as  follows  immediately  from  (4.3)  and  (4.5). 

In  order  to  evaluate  the  collision  integrals  (4.15)  we  shall  proceed 
as  follows.  In  Sections  4.2  and  4.3  we  shall  develop  a  uniform  approach 
for  the  three  different  collision  sequences  (R,  H  and  C) .  We  shall  thus 
formulate  a  method  in  which  the  R-,  H-,and  C-collision  integrals  are 
computed  simultaneously.  In  addition  we  shall  develop  in  Section  4.4  a 
different  procedure  especially  designed  for  the  R-collision  integrals. 

This  additional  special  method  will  be  presented  for  the  following  two  reasons. 
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First/  by  comparing  the  results  of  the  two  calculation  procedures  for 
the  R-collision  integrals  we  shall  obtain  a  strong  consistency  check 
on  our  computation  methods.  Secondly,  this  special  method  for  the 
R-collision  integrals  will  form  the  basis  of  our  analysis  of  the  col¬ 
lision  integrals  associated  with  sequences  of  four  collisions  to  be 
discussed  in  Chapter  V.  The  results  for  the  collision  integrals 
associated  with  three  successive  collisions  will  be  presented  in 
Section  4.5. 


4*2  Analysis  of  R— ,  H—  and  C-Collision  Sequences 

The  collision  integrals  (4.15)  are  all  defined  in  terms  of  the 
integral  form  (4.2) .  Using  (2.40)  we  thus  consider 


\i— i  3  yy  i  -v  -x  a  a  a  ^  a 

“/3)3v  =  (_1)  I7TF*  J  dW0dW21dW31dk1dk2dT[w21-k1|  |w31*k2 


fi3v 

—  —V 

X  e  Oe  {a(I)-a(II)  }*{3(IVv)-B(IIIv)  },  (4.16) 


where  the  velocities  WQ,  V?21  and  W  are  defined  in  (2.36).  The  velocity 

Wq  is  the  same  in  all  velocity  regions  between  collisions.  The  expressions 

for  the  relative  velocities  in  the  various  regions  follow  from  (4.3)-(4.9). 

The  formulae  (4.5),  (4.7)  and  (4.9)  for  the  region  IV  velocities  naturally 

involve  (and  assume  the  existence  of)  the  third  collision  vectors  k  .  To 

3V 

A 

obtain  the  formulae  for  k  ,  and  the  times  T  between  the  second  and  third 

3V  V 

collisions,  we  proceed  as  follows.  First,  denoting  by  the  position 
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vector  of  i  relative  to  j  at  the  instant  of  the  second  collision  (.with 
collision  vector  k2l,  it  will  be  seen  from  Fig,  12  that,  for  any  of  the  y-* 


diagrams , 


P  21  kl+W21T  ' 


P32  k12"W21T  ' 


(4.17) 


where 


v  A  A 

kl2  =  kl“k2  * 


(4.18) 


In  terms  of  these  relative  position  vectors  p , ,  at  the  second  collision, 
it  is  seen  from  Fig.  12  that  the  third  collision  vectors  are  given  by 


A 

k31 

"p2l“^21  ^III:i)  Ti  ' 

(4.19a) 

/\ 

-W  _k. 

k32 

“  P32+W32  ^III2^  T2  ' 

(4.19b) 

A 

-w 

k33 

(4.19c) 

where  the  corresponding  times  between  the  second  and  third  collisions 
are  obtained  as  the  smaller  (earlier)  solutions  of  the  quadratic  equations 


I  P  32+^32  (III2)t2^2==1  '  (4.20) 

I  p32+^32  ^I:EI3^  x3  I  2==1  * 


(The  equations  (4.20)  which  determine  are  just  the  requirements 

I  A  12  A 

J k3v I  =1.- )  In  summary,  the  third  collision  vectors  k^  are  obtained 


from  the  integrating  variables  W21,  W31,  k^  k2  and  T  in  the  following 
way:  First,  the  vectors  P2^  and  p^2  are  calculated  according  to  (4.17) 
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next,  the  region  III^  velocities  are  calculated  according  to  (4.4),  (4.6) 
and  (4.8);  then  the  times  are  calculated  by  solving  eqs.  (4.20);  and 

A 

finally,  the  vectors  k  are  obtained  from  eqs.  (4.19). 

One  other  dynamical  quantity  of  interest  in  Fig.  12  is  the  time  T 
between  the  1-3  penetrating  and  separating  collisions  in  the  H- diagram. 
Since  the  position  vector  of  3  relative  to  1  at  a  time  t  after  the 

A  -k-  _ 

penetrating  collision  is  evidently  -k2  +  W^t,  then  T  is  obtained  simply 
by  solving  the  equation 


Expanding,  and  discarding  the  solution  T=0  (which  corresponds  to  the 
penetrating  rather  than  the  separating  collision) ,  we  obtain 


T 


2W3l'k2 


(4.21) 


In  order  to  evaluate  (4.16)  we  adopt  the  coordinate  system  shown  in 
Fig.  13.  This  is  the  rest  frame  of  1  between  the  first  and  second  col¬ 
lisions  (the  figure  shows  the  centers  of  1,  2  and  3  at  the  moment  of  the 
first  collision)  ,  with  W  defining  the  Z-axis  and  defining  the  XZ- 
plane.  We  have  just  seen  how  all  the  dynamical  quantities  in  each  V- 

,  .  A  A 


diagram  can  be  calculated  from  the  "basic"  variables  W31'  k]/  k2'  T* 

In  the  frame  shown  in  Fig.  13,  the  basic  vectors  have  the  representations:"^ 


(4.22a) 


The  angle  0^  in  this  chapter  is  the  same  angle  as  0  in  the  preceding 
chapter .  116 
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Schematic  representation  of  the  integration  variables  used  in 

the  calculations  of  the  y=3  (R,C,  and  H)  integrals.  The  figure 

shows  the  rest  frame  of  1  just  after  the  first  collision,  with 
A  /\ 

in  the  Z-direction  and  in  the  XZ-plane. 
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k,  = 


(-sin0. 

0 

COS0- 


(4.22b) 


k„  = 


fsir^cos^' 

sii^sin^ 

COS0~ 


(4.22c) 


I sinO^cos  (4> 2-,"4>3 ) 1 


W31= 


sin6  3  sin  (<f>  2+^3) 


COS0. 


(4.22d) 


Note  from  (4.22d)  that  the  azimuthal  angle  c|>3  of  W  is  defined  relative 
to  an  initial  plane  through  k ^  and  the  Z-axis  (thus,  when  $3=0  the  vectors 

A  A  A 

W  ,  W  and  k  are  coplanar) .  The  reason  for  doing  this  will  become 
31  21  2 

apparent  later.  With  the  angles  0^,  0^,  0^,  c( )^,  <j>3  thus  defined,  and  with 
the  angular  integrations  on  and  the  azimuthal  integration  on  having 
been  trivially  carried  out  in  accordance  with  (2.41).,  (4.16)  becomes 


00  0 

(a,B)3v  =  (-l)'”1  1|^?  e‘3W0  JdW21W^1Jdoos81 


0  -1 

7T  2tT  °°  TT  2lT  “ 

/  d62sin62  /  d*2  J  »31W|X  /  de3sine3  J dd3 J 


x  I  d02sin02 


dT  (4.23) 


x  %v|w2i*kil  |w31-k2|e"E{a(I)-a(II)  }* {  0  (IVV) -0  (IIIV) } 
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Here#  the  quantity  is  defined  to  be  unity  whenever  the  integrating 
variables  are  such  that  the  v-diagram  collision  sequence  can  be  realized# 
and  zero  otherwise. 

Note  from  Fig.  13  that 


-k. 

W21*^i  =  W21COS®l  ' 
^31*^2  =  W31COS03  ' 


(4.24) 


where  01  is  defined  to  be  the  angle  between  VJ  and  k  ,  and  is  'given  in 
3  31  2 

terms  of  the  integrating  variables  by  the  formula 


cos0^  = 'COsO^cosO^+sinO^sinO^cosiJi^  ,  (4.25) 

A  A 

as  may  be  seen  by  calculating  W^^k^  from  (4. 22c)  and  '(4.22d).  Now,  it  is 
clear  from  Fig.  13  that  the  only  condition  imposed  by  the  first  collision  is 

•cosO^l  <  0  (4.26a) 

and  that  the  only  condition  imposed  by  the  second  collision  [other  than  the 
condition  !>0,,  which  has  already  been  taken  care  of  in  (4.23) >)  is 


■cosO^  >  '0 

Hence,  (4.23)  can  be  written 


(4.26b) 


x  '©3V  siriS^siriS^cosO^cosO^  e”Efa  (I) -a<II)  }*{;6<IVv)  -'3  (III^)  } 
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where  now  0^  =1  or  0  according  to  whether  the  integrating  variables  do 

or  do  not  permit  the  third  collision  to  occur.  That  is,  0  now  concerns 

V 

only  the  third  collision  in  diagram  v,  since  the  first  and  second  col¬ 
lisions  are  now  assured  through  the  limits  of  integration  on  cos0^  and 
T  and  the  theta  function  on  cos0^.  [For  the  H  diagram  only, 0^  must 
also  require  x  >  x*] 


We  next  impose  upon  (4.27)  a  change  of  variables  (W3i,t)->-(w  ,T*)  , 


according  to 


W31  W31/W2l\ 

T*  =  W21T  J 


(4.28) 


This  transformation  is  evidently  such  that  dW^dx  =  dw^dx*,  and  is  made  in 
anticipation  of  a  later  analytical  integration  over  the  variable  W^.  In 
essence,  this  transformation  induces  a  scaling  of  the  velocities  in  all 
regions,  henceforth  denoted  by  a  lower  case  w,  and  a  scaling  of  all  times 
between  collisions,  henceforth  denoted  by  an  asterisk .  We  shall  also  use 
a  prime  to  denote  velocity  region  III  for  the  R-  and  C-diagrams;  note  from 
(4.4)  and  (4.8)  that  the  velocities  in  region  III  for  the  R-  and  C-diagrams 
bear  indeed  the  same  relationships  to  the  integration  variables.  The 
region  III  velocities  for  the  H-diagram  are  simply  the  (unprimed)  region 
II  velocities,  as  shown  in  (4.6).  We  now  rewrite  the  relative  velocities 
in  the  various  regions  as  follows.  With 


W21  ^21^21 
W31  E  ^31/W21 


W31W33j 


(4.29) 
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wl,  =  w-.  -  w_, *k0k 


'21  “  "21 


w 


^  J.  *  ^ 

1  =  w_,  -  2w-, •  k_k 


31 


'31 


31  2  2 

A  /V 

•  V  ]r 

31  K2K2 


V  . 


the  scaled  velocities  in  the  various  regions  of  the  R-,  C-  and  H- 
diagrams  are : 

»21(II)  =  W21^II^//W21  =  W21 
^31(II)  5  ^31(II)/W21  =  *31 


w2l(I)  “  W21^X^/W21  ”  W21  “  2w2l‘klkl) 
w31(I)  =  W31(I)/W21  =  w31  -  w21*k1k1 


(v=l  )l 


W21(in1)  =  w21(in1)/w21  =  wjL 

^31  (iiij.)  E  ^(in^n  =  *h 


A  A 


*21(IVl) 


^SidVi) 


W21(Ivi>/W21  ~  W21  “  2w2l’k31k31 
^31 (IVi) /*2i  =  w3i  "  w2l‘k31k31 


*2l(II3C2)  "  W2ldII2^/W21  =  w21' 

*31(iu2)  E  w31(in2)/w21  =  w 


(v=2)< 


v  A  A 

W21 {IV2) 

=  W21<IV2^M21 

=  W21 

+  w32  ’^32^32 

— k. 

s  A  A 

*  r 

(«31(IV2> 

=  M31<IV2>A'21 

II 

t 

U) 
t— 1 

”  W32*k32k32  j 

J 


(4.30) 


(4.31) 


(4.32) 


(4.33) 


(4.34) 


(4.35) 


(4.36) 
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w21(III3)  =  W21(III3)/W21  = 
W31^II1[3^  =  ^31^III3^W21  =  W31 


(v=3)  < 


y  ' 


(4.37) 


A>  A 


W21 ^IV3^ 


U3i(IV3) 


W21 ^IV3* /W21  ”  W21  +  w32*k33k33 

^  ^  A  A 

W31 ^IV3* /W21  =  W31  ~  w32‘k33k33 


>  - 


(4.38) 


In  (4.36)  W32=W3i“W2l  (4.38)  w^^w^-w^  .  T^e  relative  positions 

(4.17)  at  the  instant  of  the  second  collision  may  be  written 


where  k^2  is  defined  in 
by  [see  (4.19)] 


^21  “  “kl+w21T*  ' 

^32  =  k12"W21X*  ' 

(4.18).  The  third  collision  vectors  k 

3V 


k31  - 

"P2l“w21Tl 

F 

*32  “ 

^32+W32t2 

F 

*33  = 

^32+w32T3 

F 

(4.39) 


are  given 


(4.40) 


where  the  scaled  times 
(earlier)  solutions  of 


between  the  second  and  third  collisions  are  the 
the  quadratic  equations  [see  (4.20)] 


I  P21  +  W21T1 1 2=1 


I  p32  +  ^32T 2  I  2-1 
I  P39  +  3  I 


(4.41) 
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And  finally,  the  scaled  tine  between  the  penetrating  and  separating 
collisions  in  the  H-diagram  is  seen  from  (4.21)  to  be 


T*  =  W  T  = 
21 


2w31*  ^2 


w 


31 


(4.42) 


After  the  scaling  transformation  (4.28)  the  integral  (4.27)  becomes 

V  12/2 


(a, $)  =  (-1) 

3v  5tt 


//M 


|d3Woe*3WoJ  dW2iW^e“W21E*  j  dw^  |  dT* 


j d“3l"31 J 


TT  TT  2TT  2TT 


x  f  dcosG^  f  dd 2  f  dd 3  f  d<j>2  f1 

-1  0  *^0  •'o  *'0 


d(j>3  0(cos0p03v 


X  sine^inG^ose^ose^  {a(I)-a(II)}*{g(IVv)-6(IIIv)}  ,  (4.43) 


where  we  have  defined  a  "scaled  E"  [see  (2.39)  and  note  from  (4.29)  that 


w£  =1] : 
21 


2 

E*  =  -(1+w2  -w  *w  )  .  (4.44) 

3  31  21  31 

The  WQ  and  W21  integrations  in  (4.43)  will  eventually  be  performed 

analytically.  The  remaining  7-dimensional  integral  will  be  evaluated  by 

Monte  Carlo  methods,  but  for  this  it  will  be  necessary  to  first  get  rid 

of  the  infinite  integration  limits  on  the  two  variables  w  and  T*.  The 

31 

variable  can  be  handled  similarly  to  the  variable  w  in  the  single 

overlap  calculation  [see  (3.33)].  However,  the  variable  T*  presents  a 

more  serious  problem,  the  solution  of  which  is  very  intimately  connected 

with  the  behavior  of  the  quantities  0__  , 

3v 
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by  the  existence  of  the  third  collisions.  We  shall  now  consider  this 
matter  in  detail. 

According  to  the  diagrams  in  Fig.  12,  the  third  collisions  are  all 
interacting.  Thus,  a  first  requirement  for  the  existence  of  the  third 
collision  is  that  the  colliding  particles  be  separated  (non-overlapping) 
at  the  instant  of  the  second  collision.  Hence,  we  require 


P2^ I  >  1  for  v=l 


p  | 2  >  1  for  v=2  and  3 
32 


(4.45) 


Given  that  the  particles  involved  in  the  third  collision  are  not  overlap¬ 
ping  at  the  instant  of  the  second  collision,  it  remains  only  to  require 

a  A 

that  k^  exist,  i.e.,  that  k  be  calculable  as  a  real  vector  from  (4.40). 
For  this,  it  is  necessary  and  sufficient  that  the  corresponding  quadratic 
equation  in  (4.41)  yield  for  T*  a  real  ,  positive  number.  Each  of  these 
quadratic  equations  is  evidently  of  the  form 


|p  +  WT*| 2=i  , 

where  p2>l  because  of  (4.45).  It  is  straightforward  to  show  that,  given 
p2>l,  a  real,  positive  solution  T*  exists  if  and  only  if 


and 


w  p<0 


(wxp)2-w2<0 


Therefore,  the  necessary  and  sufficient  conditions  for  the  third  collisions 
to  occur  are  as  follows : 


124 


AE  DC-T  R-73-1  71 


R  (v=l) 


H(v=2)  l 


C  (v=3) 


P 


2 

21 


p32 

w32 

*  p32 

)2“W2 

32'  w32 

p 


2 

32 


) 


>1  , 

<0  , 

<0  , 

>1  , 

<0  , 

>1  , 

<0  , 

<0 


(4.46) 


(4.47) 


(4.48) 


When  these  conditions  axe  satisfied,  eqs.  (4.41)  will  have  two  positive 
roots  (as  expected) ,  and  we  must  evidently  take  T*  to  be  the  smaller  root: 


★  — 


V  - 


*  — 


[rw21*p21_  ^W21*P21^  2"W21(p21_1'G  /  W21  ' 

fW32*^32“  /(w32,p32)  Z_w32  (,p32_1G  /  W32  ' 
£W32’P32-  ^w32  *p32}  Z_w32  (p32_1G  /  w3 


2 

32 


(4.49) 


The  corresponding  vectors  k  are  then  obtained  from  (4.40),  (4.39).  and  (4.49). 

3v 

For  a  given  V,  0  will  be  unity  if  all  three  inequalities  in  (4.46), 

(4.47)  or  (4.48)  are  satisfied  [and,  for  V=2 ,  if  the  condition  T*>T*  is 
also  satisfied];  otherwise,  0  will  be  zero.  Now,  in  order  to  resolve 
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the  problem  of  the  infinite  range  on  T*  in  (4.43),  it  is  necessary  to 
express  the  conditions  (4.46) - (4. 48)  directly  in  terms  of  T* ,  and  to  then 

analyze  them  into  net)  conditions  which  yield  expressions  for  upper  limits 

* 

on  T  . 


The  T*  dependence  in  (4. 46) - (4. 48)  enters  via  the  quantities  p and 
P32  in  (4.39).  Substituting  (4.39)  into  (4.46) - (4.48)  we  find  after 

v  /v 

some  algebra  (note  w  =w  ) : 


'21 


A  A 


T  <w2l'W21>  '  w2l‘kl  ’ 


J  T*-C  < 

1  1 


'21  12 1 


‘12 


V) 


1  T*-C  ' 
V  V 


where  A^,  By,  Cv,  F^,  are  defined  by 


A1  “  (W21XW21)Z 


B1  =  (w21xw21) ’ (w21xkl) 


C1  _  ^w2l’kl^Z 


(4.50a) 
(4 .50b) 

(4.50c) 

(4.51a) 

(4.51b) 

(4.51c) 


(4.52) 
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A  A 


A2  E  (w32*tf2l> 


A  A 


Bo  E 


Co  = 


32  12J 


A  A 


Go  = 


W32  *w21 


w  V 

32  12 


(4.53) 


A3 


% 


v  2 


E  ( w3  2  xw2*  1 ) 

A  A  A 

=  <w32xw21i‘(v'3'2>'kX.2) 
=  (w^2  -k12-)  2+  (l-k^2) 

A  A 

E  Woo " W 


Go  E 


32  "21 
w3'2-*^2l- 


(4  .-54) 


The.  third'  conditions,'  (4 .oOc)  and  (4.51’c),-  evidently  require' that'  a1 
certain,  quadratic'  form  in  T*  be  negative;  if-  will-  be  convenient-  to  denote 
the  roots-  of-  these1  quadratic  forms  (when-  they  exist)  By'  t^  and- 1^.:- 


lt  S  [Bl  f  ^av®yJ/kv  - 


(4-  .-5-5 )' 


The?  requirements'  (4*.  50)-  for-'  the'-  R-d-i-agram  are  s'oinewHat  simpie'r'  than 
the- requirements:  ('4.51)  for-  the  H  an'd- C  diagrams,  and- w-i-ll' be- considered- 

A’  A 

first..  Since-  w^-^’k^cosO then"  because-  co's0^.<O'  iri*  (4-. 4-3:)  i:t;  i-s':  seen 
that-  requirement  (4;.-50a)'  is  always'  satisfied. 
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A  A  A  A  ^ 

Furthermore,  using  the  conditions  w2i*ki<0,  W3i*k2>0  and  T  >®' 
remaining  two  requirements  (4.50b)  and  (4.50c)  may  be  shown  to  be 
equivalent  with 


(v=l) 


A  A 


kl‘k2<0 

r 

(4.56a) 

A.  A  .  A  A 

>  <«„•*!>/( Vk2> 

t 

(4.56b) 

0<T*<tJ 

• 

(4.56c) 

The  conditions  (4.56a)  and  (4.56b)  were  first  noted  by  Weinstock  [18]. 
Since  (4.56a)  and  (4.56b)  do  not  involve  conditions  on  T*,  then  (4.56c) 
implies  that  the  infinite  upper  limit  on  the  T*  integration  in  (4.43)  can 
be  replaced  by  t^,  as  defined  by  (4.55)  and  (4.52): 


0  0 


With  requirement  (4.56c)  thus  met,  the  quantity  0  is  then  1  or  0 
according  to  whether  the  two  requirements  (4.56a)  and  (4.56b)  are  or 
are  not  both  satisfied. 

We  turn  now  to  the  more  difficult  task' of  analyzing  the  requirements 
(4.51)  for  the  H-  and  C-diagrams.  Here  we  find  that  it  is  not  possible 
to  obtain  a  single  condition  on  T*  analogous  to  (4.56c);  instead  all 
three  inequalities  will  provide  conditions  on  T*,  as  well  as  requirements 
independent  of  T*. 

Consider  first  (4.51a),  which  requires  that  a  certain  quadratic 
form  in  t*  be  positive.  Since  this  quadratic  form  is  concave  up,  then 
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if  it  has  no  real  roots  it  will  indeed  always  be  positive.  However,  if 
the  roots  to  the  quadratic  do  exist, 

t1  =  w21*k12  ±  / (w21  *k12)  2+  '  (4.57) 

then  the  quadratic  form  will  be  positive  only  if  either  T*<t“  or  T*>t+ 

An  examination  of  the  discriminant  of  the  quadratic  form  in  C4,51al , 
taking  cognizance  of  the  fact  that  T*  in  any  case  is  restricted  to  positive 
values,  leads  to  the  following  restrictions: 

If  k^2<l,  then  require  T*>t+  . 

(4 . 58) 

!►  If  k^2>1,  311(3  w2l‘^12>0  and  {W2l’^12)2>  kl2^1'  1:11611  require 

either  T*<t-  or  T*>t+  . 


Consider  next  (4.51b).  If  Fv  and  G^  both  have  the  same  sign,  then 
(4.51b)  implies  that  T*  must  be  bounded  by  the  quantity 

t^  2  Gv/Fv  (>0  )  .  (4.59) 

However,  the  mere  fact  that  T*  is  positive  evidently  prohibits  the  combi¬ 
nation  Fv<0  and  Gv>0.  Thus,  (4.51b)  leads  to  the  following  restrictions: 

If  F^O,  then  require  Gv<0. 

]►  If  Fv'<0  and  Gv<0,  then  require  T*<t°  •  (4.60) 

]►  If  F^>0  and  Gv>0,  then  require  T*>t°  . 
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Finally,  we  consider  (4.51c).  From  (4.53)  and  (4.54)  it  is  seen 
that  A^O.  In  the  special  case  Ay=0,  it  is  seen  that  we  will  also  have 
Bv=0,  and  (4.51c)  reduces  to  the  simple  requirement  that  Cy>0.  In  the 
usual  case  where  A^>Cy  then  (4.51c)  evidently  requires  that  a  certain 
concave-up  quadratic  form  in  T*  be  negative.  Thus,  the  roots  t*  (see 
(4.55)]  to  this  quadratic  form  must  exist,  and  T*  must  lie  between  them 
subject  to  the  condition  t*>0.  Therefore,  (4.51c)  leads  to  the  following 
restrictions: 


► 

If 

<* 

II 

o 

then  require  C^> 0 

r 

► 

If 

v° 

and  B^>0,  then  require 

Cv  >  ~Bv  /AV  ' 

► 

If 

A  ^0 

V 

and  B  ^0,  then  require 
V 

C  >0  , 

V 

► 

If 

v° 

then  require  Max(0,t”) 

<T*  «=v  ■ 

(4.61) 


We  see,  then,  that  the  existence  of  the  third  collision  for  v=l 

requires  only  the  satisfaction  of  (4.56),  whereas  for  V=2  and  3  we  must 

satisfy  (4.58),  (4.60)  and  (4.61).  Nevertheless,  we  have  derived  a  set  of 

conditions  which  determines  whether  0  is  1  or  0,  and  which  when  0  =1 

3v  3v 

provides  lower  and  upper  bounds,  say  T^^and  T^2) ,  on  T*.  The  require¬ 
ments  for  ©3V=1,  and  the  consequent  formulae  for  T^^and  ,  are 
summarized  in  Table  XI.  Again,  -.0  in  (4.43)  is  1  if  all  the  V  require¬ 
ments  in  Table  XI  are  satisfied,  and  ©  is  zero  otherwise.  Furthermore, 
from  the  quantities  T^and  T^2^  found  by  the  prescription  in  Table  XI, 
the  T*  integration  in  (4.43)  can  be  dealt  with  in  the  following  manner: 
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Table  XI 


Requirements  for  6^=1  and  Formulae  for  T^j  '  and 


v=l  (R  diagram) 


/s  a  A  w21*^l 

Require  k^'kg^  and  — x — t~ 


kl’k2 


Put  T*1*^  and  T*2)=  t*  . 


v=2  and  3  (H-  and  C-diagrams)- 


If  By>0:  Require  Cv>-B*/Ay. 

If  Bv<0:  Require  Cv>0. 

Either  way,  put  T^=Max  (0,t“)  and  T^2*=t*. 


2*  If  Fv<0:  Require  Gv<0  and  T^ct®’, 

and  reset  T^2) =Min (T^2) , t* ) 
If  Fv>0  and  Gv>0:  Require  T^2 5 >t° 

and  reset  T^15  =Max (T^1)  ,t°)  . 


(•  If  k^2<lJ  Require  T^2^>t+, 

and  reset  =Max  (T^^,t+)  • 

A  /s 

If  k^5*!  W21*,C12>®  an<*  ^w21  *k12^  Z>^12~^'  and 

(i)  if  T^>t":  Require  T^2)>t+r 

and  reset  T^^Max  (T^1^  ,t+)  • 

(ii)  if  T^1}<t"  and  T^2)<t+:  Reset  T^2) =Min (T^2) , t_) . 

(iii)  if  T^X,<t“  and  T,J2  J>t+:  With  xVr^1*  +  (T^2)  -T ^  )x 
and  0<x<l,  require  either  x*<t~  or  x*>t+. 

4*  For  v=2  only,  require  x*<x*. 
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/ 


dT 


where 


,  (2)  (1) 

V  V 


(4.62) 


(4.63) 


and 


* 

T 


T(l) 

v 


+  A  T 
V 


(4.64) 


It  is  important  to  notice  here  that  a  given  value  of  the  variable  T 
produces  different  values  of  x*  for  v=l,2  and  3;  in  other  words,  the 
transformation  x+X*  is  different  for  each  V 

In  terms  of  this  new  variable  T,  (4.43)  can  be  written 


(a, p)  =  (-1) 
3V 


V 


12^2 

Sir4 


IIH’f 


*21*21* 


-M21E 


/ 


dw3l’,31 


/ 


dT 


0(cos0p  ©3V  cos01 


(4.65) 


x  Avsin02sin93cos03  (a(l) -a(ll) }*{0 (IVV) -$(IIIV) }  , 


where  ©3v  and  A^  are  determined  from  Table  XI  with  the  quantities 

Bv'  CV'  Fv'  Gv'  tv'  t±f  def^ne<^  through  (4.52)-(4.55)  ,  (4.57),  (4.59). 

In  trans forming  from  x*  to  T  in  (4.62)  we  transformed  a  possibly 
infinite  range  (T^  ,  )  into  the  finite  range  (0,1),  which  of  course 

was  our  intention.  However,  in  so  doing  we  introduced  a  possibly  infinite 
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factor  T^  -Ty  =A^  into  the  integrand.  We  must  therefore  investigate 
to  see  if  any  divergences  Ay-*»  are  adequately  controlled  by  approaches 
to  zero  of  other  factors  in  the  integrand  of  (4.65).  This  problem  was 
analyzed  earlier  in  AEDC-TR-69-68  [4,7]. 

To  begin  with,  we  note  from  Table  XI  that  t+  is  always  an  upper 
bound  for  Ay.  For  V=1  we  have  Av=t^;  however,  for  V=2  and  3,  may  be 
less  than  t^,  not  only  because  T^^  may  be  positive,  but  also  because  T^2) 
may  be  determined  not  by  t^  but  rather  by  t“  or  t-  [see  Table  XI].  But 
in  any  case,  we  should  first  investigate  when  and  how  t*-*»,  since  this 
will  give  us  a  definite  bound  on  the  behavior  of  A^. 

t*  is  defined  in  (4.55),  and  from  the  definitions  of  the  quantities 
Av,  By,  Cv  in  (4.52)- (4.54) ,  it  is  clear  that  the  numerator  in  (4.55)  is 
strictly  finite, so  that  the  only  way  for  t^  to  become  infinite  is  for  Ay 
to  vanish.  Furthermore,  as  each  Bv  is  proportional  to  /Ay,  it  is  clear 
that  the  divergences  in  t^  are  of  the  type 


Xim  t+«A-1/2 
A  -.0  v  v 

V 


From  the  definitions  of  A^,  A2,  A^  in  (4.52)-(4.54)  one  calculates 


,-1/2 


_  [W 


3^cos2©2  -  2w3^cos03cos02  +  1 
w31cos03sin02 


0 


1/2 


(4, 


,-V2 


_  &31~ 


2w3^cos03  +  3J 


~|l/2 


w31Sin63 


(4. 


1 1/2 


,"1/2  = 


w31sin20^  +  2w31 (cos02cos0^-cos03)  +  lj 
3^0ir?03  +  sin02cos03  (sin02cos0 ’-2sin03cos({>3)1//2 
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From  (4.66a)  we  see  that  A^  can  become  infinite  only  if  cos0^  or 

sin02  vanish,  in  which  cases  A1  diverges  like  (cos0^sin02) however, 

since  the  integrand  in  (4.65)  contains  A  multiplied  by  (cos0'sin0  ) , 

1  3  2 

then  the  integrand  will  always  be  bounded.  [This  need  for  sin02  is  the 
reason  why  we  write  sinO^dO^  instead  of  dcosO^  in  (4.65).] 

From  (4.66b)  we  see  that  A  can  become  infinite  only  if  sin0 

J 

vanishes,  in  which  case  A2  may  diverge  like  (sin02)-^;  however,  since 
the  integrand  in  (4.65)  contains  A  multiplied  by  (sin0  ) ,  then  the 

«  -J 

integrand  will  always  be  bounded.  [This  need  for  sin@3  is  the  reason 
why  we  write  sinG^dO^  instead  of  dcosO^  in  (4.65).] 

The  situation  for  A^  is  more  complicated.  A  detailed  analysis 
of  the  denominator  of  A"1/^  in  (4.66c)  yields  the  following  conclusions: 

In  varying  circumstances  this  denominator  can  go  to  zero  like  either 
sin03  or  (sin02cos03) ;  in  either  case  the  integrand  in  (4.65)  clearly 
remains  bounded.  The  only  other  way  in  which  the  denominator  in  (4.66c) 
can  approach  zero,  with  A^  determined  by  the  diverging  t+  and  not  by  t° 
or  tr,  is  in  the  double  limit  and  (j^O;  in  this  case  it  is  found 

that  the  denominator  in  (4.66c)  approaches  zero  like  If ^-02)  cos  03+<|>3sin  0 
Thus 


lim  A_OC  lim 

02-ht/2  j  ©2^/2 

^2^0  <J>  3+0 


(4.67) 


In  this  case  only  will  the  integrand  in  (4.65)  become  unbounded. 

To  eliminate  this  divergence  for  the  C-diagram,  we  transform 
variables  ( 0 2- , (}) ^ >  "*  Cr,x)  by 


rcosx  =  it-20. 


rsinx  =  $3/2 


(4.68) 
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Under  this  transformation. 


(4.69) 


where 


r0(x)  - 


Min 


7T 

,sinx' 


TT 


cosx 


(4.70) 


The  double  limit  0  ■+•  ir/2,  <f>3  -*■  0  is  equivalent  .to  the  single  limit  r  ■+  0,  so  the 

divergence  of  the  quantity  in  brackets  in  (4.65)  now  has  the  following 
character : 


(sin  eLjCOsB^sinB-j)  (c^d^) 

02-*/2.  [(rMJc°s2e3+*3sin2e3Lll72 

4>  3-*-0 


lim 

r*0 


(sin203) (rdrdx) 


r2cos2xcos203+4r2sin2xsin203 


3_ 


1/2 


|cos2xcos2  03+4sin: 


9 
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where  we  have  used  the  fact  that  cos0^  sin@3  in  the  indiaated  limit-. 
Evidently,  the  denominator  can  now  vanish  either  if  (x*tt/2,  03->O)  or  if 
(x*0,  ©3-»ir/2) .  In  the  former  case  the  denominator  goes  to  zero  like  sin03, 
which  clearly  causes  no  problems;  in  the  latter  case  it  can  be  shown  that, 
if  the  C -diagram  is  dynamically  possible  at  all,  then  A3  is  determined  by  t 
[which  is  always  bounded]  and  not  by  t*.  In  conclusion,  the  transformation 
(4.68)  indeed  removes  the  divergence  of  the  integrand  for  v=3.  We  remark 
that  the  behavior  of  A3  with  respect  to  ij>3  as  analyzed  above  was  the  reason 

A 

for  measuring  4>3  relative  to  am  initial  plane  through  k2  and  the  Z-axis, 
rather  than  the  XZ -plane  of  Pig.  13. 

It  is  convenient  to  introduce  a  further  scaling  transformation  on  the 
variable  r  in  (4.68)  by 


r  ■  r/rQ(x)  , 


(4.71) 


The  integral  (4.65)  thus  transforms  to 


(0,6),  -  <-l)v 

3U  Sit* 


///a’V  3W°/dW 2l"lle  ”2lE  fdW31W31 


10  IT  21T  IT  1 


/dCOS0i/de3  f3* 2  j  dx  J  dr  0(0030^)  cos0^  (4.72) 


0  -1 


0  0  0  0 


[av;  r2(x)sin02cos0^sin03]{a(I)-a(II)}*{0(IVv)-B(IIIv)}  * 


t  The  variable  r  is  the  same  as  the  variable  p  in  ref.  [4,7],  There  is  a 
misprint  in  these  references;  In  eq.  (2.7-24)  of  ref. [4]  and  in  eq. 
(8.24)  of  ref. [7]  Pmax  should  read  P^ax* 
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* 

Here  E  is  given  by  (4.44),  0^  and  A^  are  determined  through  Table  XI, 
rQ(x)  is  given  by  (4.70),  and  the  angles  @2  and  <J>3  are  now  defined  in  terms 
of  r  and  x  by 


e 

+ 


=  ~[TT  -  r  r  (x)cosx] 
2  2  0 


3  =  2r  r^(x)sinx 


(4.73) 


4.3  Parallel  Evaluation  of  R- ,  H-  and  C-Integrals 


The  collision  integrals  to  be  considered  are  given  by  (4.15)  in  terms 
of  the  11-dimensional  integral  form  (4.72) .  We  can  reduce  this  integral  to 
a  7-dimensional  integral,  just  as  the  11-dimensional  SO-integral  (3.14)  was 
reduced  to  the  7-dimensional  SO-integral  (3.24).  That  is,  we  integrate 
analytically  over  WQ  and  w21-  Then  the  collision  integral*  (4, IS)  reduce 
to  integrals  that  are  closely  analogous  to  (3.25),  (3.26)  and  (3.27). 


*13V(1)  -3(Li,Li)3v  4  , 


(4.74) 


n*  U>  =  -|(l,,lj 


'13V 


2'  V  r  3V 


(4.75) 


D13V(1)  “  "2[1+51,V] 


(4.76) 


where  and  are  again  the  functions  defined  in  (3.30a)  and  (3.30c): 
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l  w,  w2 
.  ,  lO  10 
1=1 


*-1/2  r  -  - 

E  Z  W. 


i=l 


.  w. 

10  10 


with 


(4.77a) 

(4.77b) 


10 11  “  3l  21 
'20(i)  5  -5‘”31 

V11  S  1 


(i=I,II,III  ,IV  )  , 

\)  v 


(4.78) 


and  where  now 


1  0 


TT  Ztf  1 


(a,a)3v  =  (-1)V  Jdw31 w^  j  df  J dcos01  Jd03  Jd<|>2  J  dxj 


dr 


0  -1 


0  0  0 


x  0(cos  0^ )  Qj^cos^  0 1d^E*-^2 


(4.79) 


X  {Ayr0(x) rsin02cos03sin0^] {a (I) -a (II) }  ’  *{a (IV^) -a (III^) } 1  . 


In  this  equation  we  have  introduced  primed  differences  {a  (I)  -a  (II)'}  1  and 
{aflV^-aflll^)}'  which  are  defined  in  analogy  to  (3.12),  as 

{a  (I) -a  (II) } '  =  {a(l)-a(ii)}/w21»k1  ,  (4.80a) 

{a(ivv)-«(liiv)  }*  =  {a(IVv)-a(iliv)}/dv  ,  (4.80b) 
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where 


w 1  •  k 

21  31 

for  v=l  , 

"32,k32 

for  V=2  , 

(4.81) 

A 

w 1  •  k 

32  33 

for  \)=3  . 

This  is  done  in  recognition  of  the  fact,  that  for  the  functions  a  that  appear 
in  (4.74)- (4.76) ,  a(I)-Cl(II)  is  proportional  to  w^'k^  and  ®( IV^) -a (III^)  is 
proportional  to  d^.  The  primed  differences  (4.80)  can  be  calculated  explicitly 

-h.  _h. 

in  terms  of  the  velocities  and  [see  (4.30)]  and  the  collision  vectors 
and  k^y  t*ie  results  are  Presented  in  Table  XII. 

The  7-dimensional  integrals  (4.79)  will  be  evaluated  by  a  Monte  Carlo 
procedure  in  very  much  the  same  way  as  the  evaluation  of  the  7 -dimensional 
SO- integrals  described  in  Section  3.3.  For  this  purpose  we  reduce  again  the 
w3 ^integration  to  a  finite  interval  by  the  transformation  (3.33) 

u=(l+w4)-1  ,  (4.82) 


for  which  w^dw^^-^du/u2 .  In  addition,  the  form  of  (4.79)  also  suggests 
the  transformation 


/ 

-1 


dcos01cos201 


■if 


dcos30. 


-1 


(4.83) 


+  A  review  made  (at  the  time  of  this  writing)  of  the  logic  leading  to 
(4.82)  suggests  that  for  the  integrals  (4.79)  a  more  suitable  choice 
would  have  been  u=(l+w3)-1. 
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Table  XIX 

The  Quantities  (aj(I)-a(II)}'  and  {adV^J-adll^)}1  in  the  Three-Collision 
Integrals . 
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Table.  XU  (continued) 


Note:  w„_  =  w__  is  a  unit  vector  in  accordance  with  (4.29)'. 
21  21 
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We  thus  rewrite  (4.79)  as 


it  1  tt  0 


21T  1  1 


(a, a)  =  (-1)V —  I  d0,  I  dr  /  dx  / dcos38  I  d<t>  §  du  I 

3V  2V/6  J  3J  J  J  3J  2J  J 


dT 


0  0  0  -1 


0  0  0 


Avdvrr^ (x)sin62cos9^sin03 


x  0(cos9^)©3v 


2  *9/2 
U  E 


(4.84) 


x  {a(i)-a(ii)}'*{a(ivv)-ct(iiiv)}’  , 


where  it  is  henceforth  understood  that  w^  is  given  by  the  inverse  of  (4.82) 


U31  ‘ 


1— u 

* 


1/4 


(4.85) 


One  final  transformation  of  variables  is  needed  to  simplify  the  Monte 
Carlo  formulae.  Namely,  we  want  to  transform  the  7-dimensional  "box",  which 
forms  the  integrating  region  in  (4.84),  into  a  7-dimensional  "cube".  This 
is  easily  accomplished  by  putting 


6  3  =• 

if 

x  =ir*3 
cos 3  9  x  =  (-l+*4> 
4>-  -  2TT4_ 


u  =  w31=[(l-u)/u] 


1/4 


(4.86) 


T  =  A. 
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Since  the  Jacobian  of  this  transformation  is  evidently 


3  (0,lr,x,cos301  u,T) 

- 3 - L_2 - i=  27y  3 


3  . ^7) 


(4.87) 


then  we  obtain  our  final  formula  for  the  integral  form  (a, a) 


3v 


(a,a)3v  =  (-1)' 


11  1 


0(cos0!)  0 

3  3v 


0  0 


A  d  .rr'rtx) sin0„cos0 'sin0 


v  v  0 


2  *9/2 
u  E 


{afij^adDj^Caf^J^adi^)}'  .  (4.88) 


Thus,  in  terms  of  the  integral  form  (4.88),  we  can  calculate  the 
desired  three-collision  quantities  in  (4.13),  (4.74),  (4.-75)  and  (4.76). 
The  Monte  Carlo  procedure  for  numerically  evaluating  the  integral  (4.88) 
is,  of  course,  to  average  the  integrand  over  a  set  of  points 
{p^}  =  (  <^1  * "^2 '  ■  ’  *  ftom  a  random,1  uniform  distribution  in  the 

7-dimensional  unit  cube  U7: 


(a, a) _  =  <Vl)V  —  0(cos6')0  • 

3V  \  8/6  3  3V 


A^d^r*  (x) sinG^osS^-sinB. 

2_*9/2 
u  E 


x  {a(I)-a(II)}**{a(XVv)-a(IIIv) 


(4.89) 
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The  uncertainty  in  estimating  this  average  with  a  finite  set  of  points 
{p}p?...,PM}  is  given  by  the  r.m.s.  deviation  of  the  quantity  being 
averaged,  divided  by  i/k.  Hence,  our  computational  algorithm  is: 


1°  Generate  7  independent  random  numbers  A  ,A2» •••»*?  from 
a  uniform  distribution  in  the  unit  interval. 


2°  Calculate  the  quantities  03<  r,  x,  0^,  u  (and  W3i^  3113 
T  from  equation  (4.86). 

3°  Calculate  r^tx)  from  (4.70),  and  calculate  0^  and  <f>3  from 
(4.73) . 

4°  Calculate  cos0^  from  (4.25),  and  so  evaluate  the  theta 
function  0 (cos0^) . 

a.  A  _t.  A  A  A 

5°  Construct  the  vectors  w_,=W_, ,  w_.=w_,W_. ,  k,  and  k_  from 

21  21  31  31  31  1  2 

(4.22) . 

* 

6®  Calculate  E  from  (4.44). 


From  the  velocities  w2i'w3i'w32^w3i~’w2l'  the  co^l^s^-on 

^  A  A  ^ 

vector  k2#  calculate  the  velocities  w2i,W3i'w32Sw3i”w21 
from  (4.30).  [Not  necessary  for  V=2.] 


8°  Calculate  the  quantities  A  ,  B  ,  C  ,  F  ,  G  from  (4.52)- 

a  a  vvvvv 

(4.54),  where  Then  calculate  the  quantities 

V  fc±,  t£  from  <4-55>'  (4.57),  (4.59). 

9®  Determine  0^,  and  accor<^ance  with  the 

prescription  given  in  Table  XI.  (For  v=2,  defer  checking 
requirement  4°  in  Table  XI  until  step  11®.) 
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* 

10°  Calculate  T  from  (4.64)  and  obtain  the  vectors  p  .  and 

* 

p^  defined  in  (4.39).  Note  that  T  depends  on  the 
index  V  of  the  diagram.  Thus 


-k  A  -*■  .  ~ 

P21  ■  ‘kl  +  W21(TV  +V> 


-A.  -k.  ^  ,  (l) 

P32  '  k12  '  W21  Tv  +V> 


(4.90) 


are  different  for  the  three  diagrams!  Next,  calculate 

*  A 

T  from  (4.49)  and  then  the  collision  vectors  k_  from 
(4.40) .  Finally,  calculate  the  quantities  dv  from  (4.81)  . 

_* 

11°  For  v*=2,  calculate  T  from  (4.42)  and  check  requirement 
4°  in  Table  XI. 

12°  Calculate  the  primed  differences  (4.80)  as  given  in  Table  XII. 

13°  Using  the  values  found  in  the  preceding  steps,  evaluate 

the  required  quantities  in  angular  brackets  in  (4.89)  and 
also  the  squares  of  these  quantities  (for  computing  the 
variances),  and  add  these  to  respective  cumulating  sums. 

14°  Return  to  1°  and  repeat  for  as  many  times  M  as  is  practical. 

Then  convert  the  sums  to  averages,  and  so  obtain  Monte  Carlo 
estimates  of  the  three-collision  quantities  in  (4.74)-(4.76) , 
and  (4.13),  together  with  the  uncertainties  in  these  esti¬ 
mates  . 

In  order  to  obtain  a  correct  estimate  of  the  uncertainty  in  a  sum 
of  integrals,  such  as  in  (4.74)  and  (4.13),  we  add  the  integrands  first, 
rather  than  the  integrals  last. 

If  the  cos0^  test  in  4°  fails,  i.e.,  if  0(cos0^)=O,- then  all  integrands 
can  be  set  to  zero  and  we  may  immediately  go  to  14°.  Likewise,  if  and  when 
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any  of  the  requirements  in  Table  XI  (see  steps  9°  and  11°)  are 

found  not  to  be  satisfied,  the  corresponding  V  integrand  may  be  imme¬ 
diately  set  to  zero. 

/\ 

One  practical  difficulty  arises,  when  the  unit  vector 

is  computed  as  a  difference  between  two  possibly  very  large  vectors 

* 

(see  (4.40) ,  and  note  that  the  quantities  and  can  become  very 
large] .  Among  the  precautions  taken  to  circumvent  this  problem  was 
the  use  of  the  double-precision  computation  mode  on  the  Univac  1108  for 
all  calculations  of  dynamical  quantities.  In  addition,  we  found  it 
advantageous  to  first  calculate  the  impact  vectors  b^ 


b31  = 

-  P21  +  Oh  (0h-p2i> 

9 

-X. 

b32- 

hi  -  ”32t“32‘P32> 

9 

(4.91) 

b33  = 

^32  ”  w32lw32‘P32) 

9 

A 

and  then  calculate  the  collision  vectors  k_  . 

3V 

from 

rs 

k31  = 

b  +  w'  /l-b2 

31  W21  31 

9 

k32  " 

b32  ”  W32  y/l“b32 

9 

(4.92) 

/V 

k33  = 

S33  -  Sj2  A-b|3 

9 

instead  of  from  (4.40). 

As  was  done  with  the  single-overlap  calculations,  an  empirically- 
determined  "importance  sampling"  procedure  was  used  to  decrease  the  un¬ 
certainties  in  the  Monte  Carlo  calculations.  For  the  record,  the  following 
importance  sampling  distributions  were  used  [cf.  (3.43)  and  the  discussion 


thereof] j 


146 


AEDC-TR-73-1  71 


pl “  exp  (-3^)  ,  ,  (4.93a) 

P 2<A2)  *  exp[-2(l-^2)]  ,  ,  (4.93b) 

p4(^4)  «  exp[-l . 5  (1-A  )  ]  ,  (4.93c) 

p5 (A5)  =  1+0.6  cos(2lML  )  ,  (4.93d) 

p6 (A  )  *  exp (-3.8  A1)  .  (4.93e) 


We  note  that  (4.93e)  produces  a  sharp  bias  towards  values  of  u  near  1,  or 
w31  near  0.  The  need  for  such  a  transformation  indicates  that  the  magni¬ 
tudes  of  the  integrands  were  becoming  large  for  values  of  w31  near  0  and 
is  quite  probably  a  reflection  of  the  fact  that  the  transformation  in.  (4.82) 
used  the  exponent  4  instead  of  3^.  Had  we  used  the  exponent  3,  the  optimum 
form  of  would  undoubtedly  be  different  from  (4.93e) 

The  results  of  these  calculations  for  the  h-  and  C-  integrals  are 
presented  and  discussed  in  Section  4.5. 

For  many  points  in  the  7-dimensional  unit  cube  U?  the  conditions 
for  ®3V~1  (i -e.  the  condition  that  either/or  a  R-,  H-  and  C-collision  is 
dynamically  possible)  are  not  satisfied  and  the  corresponding  integrand 
will  be  zero.  The  fraction  of  the  unit,  cube  where  the  integrand  is  non¬ 
vanishing  is  the  efficiency  ratio.  This  efficiency  ratio  depends,  of 
course,  on  the  importance  sampling  used.  For  the  importance  sampling 
(4.93)  the  efficiency  ratio  turns  out  to  be  15%  for  the  R-integrals,  10% 
for  the  H-integrals  and  5%  for  the  C-integrals. 

1" 

Cf.  footnote  on  page  129. 
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4.4  Special  Evaluation  of  R-Integrals 


The  R-collision  sequence  is  dynamically  simpler  than  the  H-  and 
C-collision  sequences.  It  thus  lends  itself  more  readily  to  a  treatment 
in  which  the  efficiency  ratio  is  appreciably  larger  than  the  efficiency 
ratio  of  15%  connected  with  the  method  of  the  previous  section. 

We  work  in  the  rest  frame  of  particle  2  between  the  first  and  third 
collisions  [in  this  section  we  need  not  append  the  subscript  V  to  the 

A 

quantities  k^.  III  and  IV,  since  V=1  is  always  understood] .  We  take  the 

mV*  -V 

center  of  particle  2  as  the  origin,  W^dlJEW^  ^  t*ie  +z“^rect^on»  an^ 

A 

k1  in  the  first  quadrant  of  the  YZ -plane.  The  situation  is  as  shown  in 
Fig.  14.  The  center  of  1  is  at  point  P^  at  the  first  collision,  moves 
up  to  point  P12  for  the  second  collision,  and  ‘then  comes  back  to  point 
P13  for  the  third  collision.  For  fixed  it  is  seen  that,  as  point  P12 
varies  from  infinitesimally  above  P^  to  infinitely  far  above  P  the 
'possible  locations  for  P^  on  the  action  sphere  of  2  vary  from  an  infinite¬ 
simal  neighborhood  of  to  the  entire  +Z- hemisphere ;  however,  in  no  case 
can  P^3  ever  lie  in  the  -Z- hemisphere.  The  following  is  also  true:  For 

A 

any  fixed  k^  satisfying 

0  <  ex<  TT/2  ,  (4.94) 

A 

and  for  any  fixed  k3  in  the  +Z-hemisphere ,  i.e.. 


0  <  03<  TT/2  " 

>  t 

0  <  <p<  2TJ 

3  J 


(4.95) 


it  is  always  possible  to  find  a  "critical  point"  Pq  above  P^  such  that 

P,,P,„  must  be  larger  them  P,,P  in  order  that  a  recollision  with  perihelion 
11  12  3  11  c 
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Figure  14.  Schematic  representation  of  the  integration  variables  used  in 
the  special  calculation  of  the  R-integrals.  The  origin  is  the 
center  of  2  between  the  first  and  third  collisions,  with 

— » W  ■  ^  A 

W^2(ii)=w^2  t*ie  +Z-direction  and  in  the  first  quadrant 
of  the  YZ-plane. 
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A 

vector  is  possible.  The  point  Pc  is  in  fact  the  intersection  of  the 
line  extending  from  P  ^  in  the  +Z-direction  with  the  plane  tangent  to  the 
action  sphere  of  2  at  (i.e. ,  the  plane  through  the  tip  of  and  perpen- 

A 

dicular  to  k^) . 

Instead  of  dealing  directly  with  the  distances  p1^p12  PllPc'  ^ot^1 
of  which  can  become  infinitely  large,  we  consider  the  velocity  of  1  relative 
/  to  2  following  the  second  collision,  W^(III)=W^2!  let  9  and  <f>  denote, 

respectively,  the  polar  and  azimuthal  angles  of  this  vector.  For  fixed 

A  A 

k^  and  k3  satisfying  (4.94)  and  (4.95) ,  it  is  clear  from  Fig.  14  that  the 

azimuthal  angle  $  of  W|2  is  completely  determined,  while  the  condition 

P  p  >  P  P  is  equivalent  to  requiring  the  polar  angle  0  to  be  greater 
XX  12  XX  C 

than  a  certain  critical  angle  6^,  which  is  also  completely  determined.  A 
somewhat  intricate  analysis  of  the  geometry  of  Fig.  14  reveals  that  the 
azimuthal  angle  <j>  and  critical  polar  angle  0c  of  W|2  are  given  in  terms 
of  the  angles  0^,  03,  $3  by  the  following  formulae:  For  the  azimuthal  angle 
we  have 


COS<j> 

sirxf) 


=  sin03cos<|>3/B 


r . 


-  (sin03sin$3-sin01)/B  J 


(4.96) 


where 


B  =  [  (sin03cos4>3)  ‘ 


+  (sin03sin<|>3-sin0^)  ] 


2,1/2 


(4.97) 


is  the  projection  of  P^2P13  onto  t^ie  ^“Plane,  aa  shown  in  Fig.  14.  For 
the  critical  polar  angle  0^  we  find 


COS0  = 
c 


sin03  (sin01sin<f3~sin03) 


jjl-sin01sin03sin<{)3)  2-cos201cos20^J 


1/2 


(4.98) 
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A  A  -A* 

Thus,  with  k1  and  k3  specified  according  to  (4.94)  and  (4.95),  W|2  is 
specified  by  fixing  its  azimuthal  angle  according  to  (4.96),  and  requiring 
that  its  polar  angle  satisfy  the  condition 


-1  <  cos0  <  cos0  .  (4.99) 

c 

-k.  _k. 

The  magnitudes  of  both  W12  and  W^2  are  evidently  unrestricted: 

0  <  w  <  00  ,  (4.100) 

12  ' 

0  <  Wi2  <  oo  .  (4.101) 


— ^  A  A 

With  w12,  W12,  k^  and  k3  fixed,  it  remains  only  to  specify  the  vectors 

A  ^ 

k2  and  W  ^(II)=W  .  We  let  02  and  <f>2  denote  the  polar  and  azimuthal  angles 

a  ^  -k. 

of  k2;  and  we  let  0  and  (j)  denote  the  polar  and  azimuthal  angles  of  W31 

A' 

relative  to  a  coordinate  system  with  k ^  in  the  +Z-direction.  By  definition 
we  have 

W31*k2  =  cos0  r  (4.102) 


and  an  obvious  requirement  for  the  second  collision  to  occur  at  all  is  [see 
Fig.  14] 

0  <  cos0  <  1  .  (4.103) 

-a.  a 

Apart  from  requirement  (4.103),  the  only  other  condition  on  W^  and  k2  is 
that  they  be  such  as  to  satisfy  the  velocity-change  equation 


W„,  ■  k  k„ 

31  2  2 


(4.104) 


for  fixed  vectors  W^2  and  In  fact,  (4.104)  ,•  together  with  (4.103),  is 

seen  to  determine  completely  the  vector  k2  according  to 
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k2  -  <«i2-«12>/l»i2-"12! 

-X. 

and  also  the  magnitude  of  according  to 

W31  '  I«i2-»12|/°=s9 


(4.105) 


(4.106) 


The  polar  angle  <j)  of  is  evidently  unrestricted: 


0  <  4>  <  2n 


(4.107) 


It  follows  from  the  foregoing  observations  that,  in  addition  to  the 
four  variables  and  W^,  the  following  set  of  seven  variables  can  serve 
as  integrating  variables  for  the  R- integrals: 


COS01 

in 

(0,1) 

COS0.J 

in 

(0,1) 

m 

-&■ 

in 

(0,2TT) 

COS0 

in 

(-l,COS0o) 

*12 

in 

(0,o°) 

COS0 

in 

(0,1) 

<J> 

in 

(0,27T) 

(4.108) 


The  attractive  feature  of  these  variables  is  that  only  one  of  them  has  a 
non  constant  limit  [the  upper  limit  on  cosd  is  the  complicated  but  bounded 
function  of  0  ,  0^,  $3  in  (4.98)],  and  only  one  variable  has  an  infinite 
range  [the  upper  limit  on  W|2  is  °°] . 

Before  attempting  to  express  the  integral  form  (a, 3)^  in  (4.2)  as  an 
integral  over  the  variables  in  (4.108) ,  let  us  collect  the  formulae  giving 

all  the  quantities  of  dynamical  interest  in  terms  of  these  new  variables. 
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In  anticipation  of  the  subsequent  analytical  "scaling  integration" 

over  the  variable  W, ..  we  shall  express  all  velocities  W.  .  in  terms  of 

12  lj 

their  "scaled"  values, 


w.  .  =  W.  ,/W, 
13  13'  12 


(4.109) 


In  the  coordinate  frame  of  Fig.  14  we  have 


w 


12 


(4.110a) 


0 

sin9. 

COS0 


1  J 


(4.110b) 


sin03cos<J>3 

sin03sin4>3 

COS0„ 


(4.110c) 


w 


12  12 


sin0cos$ 

sindsintj) 

COS0 


(4.110d) 


where  <P  is  defined  in  (4.96)  and  (4.97); 


A 

k„ 


sin02cos<J) 

sinO^sin^) 

cos0- 


(4.110e) 


where  we  have  used  (4.105)  to  deduce  that  the  azimuthal  angle  of  is  the  same 

_k.  A 

as  that  of  w^2# while  the  polar  angle  of  is  given  by 


cos02  =  (w^2cos0-1)/6 


sin@2  =  w^2sin0/6 


(4.111) 
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with 


6  =  |  W12~W12^  =  ^  W1  0~2w'  ~cos0-KL 


12  12 


(4.112) 


W31  =  *z(-<l»-*y(-e2>' 


w^sinQcosij) 

w3^sin0sin<j> 

w^cosQ 


(4.113) 


where  the  rotation  matrices  (defined  in  Table  IV)  transform  the  components 

A 

of  w31  out  of  the  frame  defined  relative  to  as  polar  axis,  and  where  w31 
is  given  by  [cf.  (4.106)  and  (4.112)] 


w^  =  6/cos9  .  (4.114) 

In  terms  of  the  above  quantities,  the  scaled  relative  velocities  in  the 
various  regions  are  as  follows  [cf.  (4.31)-(4.34) ] ; 


w 

W 


12 

31 


(II) 

(II) 


w. 


12 


w 


31 


(4.115) 


W12 

(HI)  = 

W12 

-1- 

— K. 

W31 

(III)  = 

w 1 
31 

=  w3i  - 

'  2w 
^31 

-J. 

A  A 

W,  _ 

(I)  = 

_ 

-  2w.  _ 

•k  k. 

12 

12 

12 

11 

A  A 

W31 

(I)  = 

W31 

+  W12* 

Vi 

-X. 

-X. 

A  A 

W12 

(IV)  -  »;2 

-  2w{2 

•k3k3 

-k. 

■Ai 

A  A 

W31 

(IV)  =  w'31 

+  w  * 

12 

•k3k3 

(4.116) 


(4.117) 


(4.118) 
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It  is  clear,  then,  that  the  set  of  variables,  WQ,  W^2#  and  the  ones 
listed  in  (4.108)  [with  W^2  replaced  by  wi2^W12^W12^ '  *n<^ee<^  constitutes  a 
viable  set  of  integrating  variables  for  the  integrals  (a,$)^  given  in  (4.2). 
However,  the  transformation  from  the  set  of  variables  in  (2.28)  and  (4.2)  to 
our  new  set  is  not  altogether  trivial.  We  now  direct  our  attention  to  this 
problem . 

To  begin  with,  we  make  a  change  of  variables  similar  to  (2.35)  except 

-A. 

we  use  W12  instead  of  W,^: 


so  that 


with 


W„  =  ^(W,+W  +W,) 
0  3  1  2  3 


*1  "  Vj'VV 


w  =  w  -w 

12  1  2 


W3l"  W3  W1 


°r  '  "2  -  Vl(2"l2+V 

"3  -  V3(2V"l2) 


(4.119) 


W2+W2+W2  =  3Wq+E 


(4.120) 


E  i  |(«[2+W231+WI2-«31) 


(4.121) 


Introducing  this  transformation  into  (4.2)  and  introducing  also  the  trans¬ 
formation  (2.34)  we  have 

J-  r  -3W2  -E 

x  {a(i)-a(ii)>*{6(iv)-3(iii)}  •  (4.122) 
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Here,  ft  is  the  integration  region  appropriate  to  the  R(V=1) -diagram  in 
Fig.  12;  the  velocity  regions  refer,  of  course,  also  to  this  diagram. 

A 

Taking  W^2  along  the  Z-axis  and  k^  in  the  YZ-plane  performs  three  trivial 
integrations  and  introduces  an  overall  factor  of  8ttz  in  accordance  with 
(2.41).  Using  the  previously  defined  angular  variables,  and  noting  that 
the  occurrence  of  the  first  and  second  collisions  requires 


W12>kl  =  W12COS01>  °  ' 


W31*k2  =  W31COS0  >  °  ' 


we  may  write  (4.122)  as 

12/2 


(ot,B) 


31 


5tt 


///*'=•/  aw21w  lll  dcos9i  JacoseJai 

00  0  0  0  0 

•//// 


^W31W31^COS02^2^T  ^j^08®!008®61 


X  {a  (i)-a(ii)  }*{B  (iv) -8  (in) } 


— 3WZ— E* 


(4.123) 

(4.124) 


(4.125) 


In  (4.125)  we  have  put  the  upper  limits  on  the  variables  cos91 ,  cos0  <f> 
as  required  by  (4.108).  However,  the  limits  on  the  variables  W^,  cos02# 
<J>2  and  T  are  not  known  at  the  moment;  therefore,  we  have  introduced  the 
quantity  0  which  is  1  or  0  depending  on  whether  the  requirements  for  the 

K 

R-collision  are  or  are  not  satisfied.  If  we  now  introduce  the  scaling 
transformation 


W31  -  W31=W3l/W21 


T  -  T  =Wi2x 


(4.126) 
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and  define 


E*  =  |(1+>'31^12-»31) 


(4-127) 


then  (4.125)  becomes 


(a,B) 


31 


12/2 

5tt* 


00  *  1  12  n 

/ f fi3W^e  Of  dW^W^e  f  dcosd^f  dcos0  f  d(J> 

»  0  0  0  0 

•////. 


dw,.dcos0-d({)odT  0  cos0  cos0 
31  2  4  R  31  1 


X  {a (i) -a (!!)}*{ 6 (iv) -3 (in)} 


(4.128) 


* 

Our  task  now  is  to  transform  the  variables  (w^rCosB^tf^,!  )  into  the 
"desired"  variables  (wi2'c°s®3'^3'c°s®) '  note  that  we  may  then  omit  the 
quantity  0  in  (4.128)  by  simply  inserting  the  integration  limits  on  these 

K 

new  variables  as  indicated  in  (4.108).  The  difficult  part  of  this  task  is 
to  compute  the  Jacobian  of  this  transformation: 

3(w  ,cOSe  ,♦  ,T*>  . 

J  =  -  .  (4.129) 

8 (W12 ' COS0 3 ' ^ 3 ' COS0 ) 


For  this  purpose  we  note  from  (4.111),  (4.112)  and  (4.114)  that  w31  and 
cos@2  are  given  by 

w31  =  [w^2-2wi2COS®  +  il  ^  /cos0  (4.130a) 

1/2 

cos02  =  (w^2cos0-1)/[w^2“2w^2cos0  +  1]  '  .  (4.130b) 


Further,  since  4>2=<J),  then  we  have  from  (4.96) 
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<J>  =  arctan 


^sinQ^sin^-sinB^ 

sinB^cosffi^ 


(4.130c) 


Finally,  to  calculate  an  expression  for  T  we  need  only  to  observe  that 


T  =  W  TP  P 

12  11  12 


Hence,  an  analysis  of  the  geometry  of  Fig.  14  yields  the  expression 
(cf.  (4.97)] 


T*  =  -cot6  [  (sinB^cos^^)  2+ (sinB^sin^^-sinB^)  2]  +  cos0^  -  cos0^.  (4.130d) 


Equations  (4.130)  evidently  permit  us  to  calculate  the  Jacobian  (4.129) . 
This  computation  is  rather  lengthy,  but  yields  the  result 


J  = 


'wl2w;2'k3 

_ 

<52Bsin0cos0 


(4.131) 


where  6  and  B  are  defined  in  (4.112)  and  (4.97),  and  where  the  minus  sign 
appears  because  the  only  negative  quantity  on  the  right  side  of  (4.131)  is 
the  inner  product  fsee  Fi9*  14]. 

We  now  insert  in  (4.128)  the  transformation 


dw^  jdcos0  ^dtj)  ^dT  * 


Writing  J  as  in  (4.131)  and  w^  as  in  (4.114),  we  obtain  the  result 
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(a, 8) 


12/2 
31  ='  5** 


///■  V!  /■ 


1  ^  ~3K  r  -w*  e 

dV  |dW12Wl2e 


0 

2ir  ” 


27T  COS0 


J* dcos0^^ dcos0 ^ ^dw^2  ^dcos©^ ^ 
0  0  0  0  0  0  -1 


dcos0 


<5w’  w’  *k  cos© 

x  - {a(i)-a(ii)  }*{8(iv)  -8  (hi)  } 


Bcos30sin0 


(4.132) 


We  can  eliminate  the  singularity  at  sin0=O  by  changing  variables  from  cos0 
to  0.  Thus, 


00 


Ow  *  W*  •  ]f  COS0 

*  0(0-0  )  12  12  3„ - -  {a(i)-a(ii)}*{8(iv)-B(iii)}  , 

c  Bcos30 


(4.133) 


where  the  theta  function  0  (0-0  )  is  unity  if  cos0  <  cos0  [see  (4.99)]  and  is- 

c  c 

zero  otherwise. 

Using  this  integral  form  we  want  to  evaluate  again  the  recollision  con¬ 
tributions  (4.15)  to  the  transport  coefficients 
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xm(i>  -  -  ( kd.  • 

vm=l  n=l  J 31 

"m(1>  -  -  (j,VV  kU,  ■ 

vm=l  n=l  ^31 

D‘l31(1)  ‘  -  4(V“2L 


Each  integral  of  (4.134)  contains  a  specific  polynomial  in  W^»W2»W3*  We 
express  these  polynomials  in  terms  of  the  variables  wq'wi2'W31  accord:*-n9 
to  (4.119) .  The  W^-dependence  is  thereby  rendered  explicit,  and  the  W^- 
integration  in  (4.133)  can  then  be  carried  out  analytically.  The  poly¬ 
nomials  now  involve  only  the  velocities  and  Scaling  according 

to  (4.126)  will  then  render  the  dependence  explicit,  and  the  w^2“ 
integration  in  (4.133)  can  be  carried  out  analytically.  These  operations 
leave  us  with  7-dimensional  integral  expressions  for  the  quantities  in 
(4.134).  It  is  found  that,  after  the  W^-dependence  has  been  integrated 
out,  the  quantity  {a (I) -a (II)}  always  contains  the  factor  w^2*k^,  while 
the  quantity  {B (IV) -6 (III) }  always  contains  the  factor  w^2*^3»  for  all 
functions  a  and  3  with  which  we  shall  be  concerned.  Hence  we  introduce 
again  the  primed  differences 


{ad)-a(ii) }  ’  =  {a(i)-<x(ii)}//w12-k1 


(4.135a) 


{a  (IV)  -a  (III)}1  =  {a(iv)-adii)}/w]yk. 


(4.135b) 


If  we  carry  out  the  W^-  and  W^- integrations,  we  obtain  [c.f .  (4.74)- 


(4.76)] 
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m 1 111  * 

-3»1'V31  - 

99  -*■  -*■ 

— (k1,k1)31  , 

(4.136) 

131(1) 

'!‘h'h>  3i 

f 

(4.137) 

'l31(1)  " 

"  4(w20'W20)31 

t 

(4.138) 

where  the  functions  and  are  again  defined  by  (4.77)  with 


wio(i)  = 


5[w12(i)-w31(i)l 


W20a) 


^E2w12  (i)+w31  (i)  1  (i=l» II/IH  » IV) 


(4.139) 


W30(i)  = 


3^2W31^i^+W12^i)  ■* 


and  where  (a,a) is  now  given  by 


2TT  IT  1  2  IT  " 


(a, a) 


31 


=  -  dcosO^  J“  dcos ^3^|*  dcos0^*  dtp  J“  dw^2 


0  0  0  0  0 


(5w*  ^  fw*  *lf  )  ^COS^0 

X  0(0-0  ) — 12  y2--  3 — - -  {a  (i)  -a  (ii) } '  *{a  (IV)  -a  (III) } 1 

e  y/  bcos30 


(4.140) 


The  integrand  {a (I) -a (II) } '*{a(IV)  -a (III) } ’  may  again  be  obtained  from  the 
formulas  presented  in  Table  XII. 

At  this  point  we  might  compare  the  above  expression  for  (a, a) ^  with 
the  expression  (4.79) .  In  (4.79)  we  had  to  concern  ourselves  with  the 
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dependence  of  the  integrand  on  w31,  in  order  to  effect  a  suitable  change 

of  variable  w^  -*■  u which  transformed  the  infinite  range  0<w3^<«>  into  a 

finite  range  0<u<l.  In  (4.140)  we  face  a  similar  problem  with  the  infinitely 

ranging  variable  w^r  but  it  is  the  case  that  the  asymptotic  behavior  of  the 

integrand  in  (4.140)  on  w|^  is  not  the  same  as  the  asymptotic  behavior  of 

the  integrand  in  (4.79)  on  w^j  thus,  a  full  investigation  of  the  w^-depend- 

ence  of  the  integrand  in  (4.140)  for  the  functions  Ot  required  by  (4.136)- 

*-9/2 

(4.138)  is  necessary.  Both  (4.140)  and  (4.79)  involve  the  factor  E  , 

* 

and  this,  causes  no  boundedness  problems  since  E  can  never  approach  zero 
[from  (4.127),  E  >|{ (w^-1) 2+w31)>0 *  *  However,  in  (4.79)  we  had  to  investi¬ 
gate  the  unbounded  behavior  of  in  order  to  be  certain  that  the  quantities 
multiplying  always  kept  the  integrand  bounded.  In  (4.140)  we  must 
similarly  concern  ourselves  with  the  behavior  of  the  integrand  when  B-H)  and 
when  cosB-K) . 

The  analysis  of  the  behavior  of  the  integrand  in  (4.140)  for  the  cases 
w^^O,  cos®^°  an<*  is  quite  lengthy,  and  we  shall  give  only  a 

brief  summary  of  the  results  here. 

A  detailed  investigation  of  the  wj^  behavior  of  all  integrands  of  inter¬ 
est  leads  to  the  conclusion  that  the  transformation 

u  =  (1+w^)"1  ,  (4.141a) 

with 

J  ^  '  (4-141b> 
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maps  the  infinite  w|  grange  onto  the  unit  interval  in  such  a  way  as  to 
keep  all  integrands  smooth  and  bounded  at  the  limits  w|2->-0(ir*-l)  and 
w|2-*=°(\rK))  .  With  this  transformation,  (4.140)  becomes 


x  0(0-0  ) 

c 


6<wi2.k3)2 


\  'I 


U  E 


*9/2 


cos30 


cos20. 


B 


{a (I) -a (ii) } ’*{a(iv)-a(iii) } '  , 


(4.142) 


where  it  is  henceforth  understood  that  w'  is  given  by 


(4.143) 


Next,  we  investigate  the  boundedness  of  the  first  factor  in  paren¬ 
thesis  in  the  integrand  of  (4.142).  For  this  purpose  it  is  useful  to 

•v  * 

eliminate  w^^  from  the  expression  for  E  in  (4.127).  It  turns  out  that 
this  leads  to 

E  =  e/cos20  /  (4.144a) 

where 

e  =  |[wj2  +  w^2(cos0  (cos0cos0-sin0sin0cos<j>) -2cos0}  +  ^  .  (4.144b) 
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Thus  we  have 


u2E*9/2cos3e 


6 (w^2*k3>  2cos60 
2-9/2 

U  £ 


(4.145) 


Now  the  limit  u+0  need  not  concern  us,  since  the  u  (or  w^)  behavior 
of  the  integrand  has  already  been  judged  acceptable.  However,  we  must 
look  at  the  possibility  of  £-*-0.  A  detailed  analysis  of  (4.144b)  reveals 
that  e=0  if  and  only  if  w£2=l  anc^  sin0=O  and  cos0=O.  Further  analysis 
shows  that 

for  w^2=l,  ®  near  0,  0  near  ir/2: 

es^sin^+cos^-sinOcosOcosij))  • 

S^sinO,  (4.146) 

A  A 

|wi2*k3|<sin0 


Therefore,  when  £  is  near  zero  we  have 

sin0  sin20  cos60 

- - - i  ,  (4.147) 

Max(sin90,cos90) 

which  shows  that  the  first  factor  in  parenthesis  in  the  integrand  of  (4.142) 
is  always  bounded. 

Finally,  we  investigate  the  boundedness  of  the  second  factor  in 
parenthesis  in  (4.142).  The  problem  here,  of  course,  is  with  the  case 
B=0,  where  B  is  defined  by  (4.97).  The  geometrical  meaning  of  B  is  indi¬ 
cated  in  Fig.  14.  164 
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Since,  according  to  Fig.  14,  B  is  the  distance  from  the  tip  of  to 

A 

the  line  extending  vertically  upwards  from  the  tip  of  k^,  it  is  con- 

A 

venient  to  introduce  a  polar  representation  (9^,<|)')  of  in  a  frame 

A 

having  k^  as  its  polar  axis.  Such  a  frame  is  obtained  simply  by  rotating 
the  frame  in  Fig.  14  about  the  X-axis  through  an  angle  -0  .  The  angles 

(9 3 ' 3n<^  ^3 '^3^  are  t*lus  relate<3  by 


sinQ^coscf)^ 

sinQ^sincf)^ 


sin0^cos<()^ 
=  R^+9^  sin0^sin<|>2 
COS0  ’ 


(4.148) 


where  the  rotation  matrix  R  (0.)  is  defined  in  Table  IV.  Eq.  (4.148) 

x  1 

A 

shows  how  the  components  of  k^  in  the  coordinate  frame  of  Fig.  14  (i.e., 

A 

the  angles  0^  and  <f>3)  are  obtained  from  the  components  of  k3  in  a  frame 

A 

whose  z-axis  points  along  k.^  (i.e.,  the  angles  03  and  <f>3)  .  In  particular. 


one  calculates  from  (4.148)  that 


cos03  =  -sinO^sinS^sintt)^  +  cosQ^cosS^  .  (4.149) 

With  (4.148)  we  can  express  B  in  (4.97)  in  terms  of  9^*93»^3  as  follows: 

B  =  [2(l-cos83)  -  {sin93sin0^sin<)>^  +  (l-cos03)  cos0^}2]  .  (4.150) 

From  this  expression  (and  the  geometry  of  Fig.  14)  -it  may  be  deduced 
that  B=0  is  and  only  if  03=O.  A  more  detailed  analysis  reveals  that 
the  most  rapid  approach  of  B*0  with  03-*O  occurs  when  we  also  have 
specifically,  we  have  for 
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4>3  =  Tr^'  ®3  near  °»  9^  near  tt/2: 

B  sin03cos29^ 

whence 

cos29l)  _  1/2 

B  /  sin03 


(4.151) 


Consequently,  the  second  factor  in  parenthesis  in  the  integrand  of  (4.142) 
can  blow  up  like  l/sin0^  in  the  limit  0^-*O.  To  circumvent  this  problem, 
we  change  variables  (cos03,<|>3)-»-(0^,<{>^)  according  to 


dcos03d<J>3  =  dcos03d(J>3  =  sin&3d6  ^d<f>3 


(4.152) 


Since  this  transformation  introduces  a  factor  sin93,  it  clearly  solves  our 
problems  when  B-K).  However,  the  limits  on  0^  and  <j>3,  will  be  rather  com¬ 
plicated,  since  the  lower  limit  on  cos03  was  0  and  not  -1.  The  simplest  way 
to  proceed  is  to  let  03  and  <j>3  vary  over  their  full  limits,  and  to  insert 
a  theta  function  requiring  the  quantity  in  (4.149)  to  be  positive.  Thus, 
our  expression  for  (a,a)31  in  (4.142)  now  becomes 

1  TT  2TT  -  TT  1  2TT  1 


x  O(cos0.J  0  (COS0  -COS0) 
3  c 


u2E*9/2cos =e/ 


I sin03cos201 


X  {a (I) -a (11) }  ,*{a(iv)-a  (Hi) }' 
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where  now  the  integrand  is  a  bounded  function  of  the  integrating  variables 


for  all  functions  a  of  interest,  and  where  it  is  henceforth  understood  that 

the  angles  0^  and  <J>3  are  given  by  (4.148). 

A  final  trivial  transformation  of  variables  is  made  to  simplify  the 

Monte  Carlo  evaluation  of  (a,a) Namely,  we  transform  the  7-dimensional 

"box"  which  forms  the  integrating  region  for  (4.153),  into  a  7-dimensional 

unit  "cube": 

COS0^  =  » 

(4.154a) 

03  "  tt2 

(4.154b) 

4>3  =  27T(A3+0.25)  » 

(4.154c) 

0  *  Ttt..  > 

4 

(4.154d) 

COS0  =  * 

(4.154e) 

«v 

<|)  =  27TA.  t 

D 

(4.154f ) 

u  =  ^7,  wi2=[(l-u)/ul1/4 

(4.154g) 

Since  the  Jacobian  of  this  transformation  is 


~d  (cos0  ,0'  ,<(>'  ,0,cos0,<J> ,u) 

- ± — £ — £ -  =  4fr4  ,  (4.155) 

^  i  & 2  ’  *  *  * 

then  we  obtain  our  final  formula  for  (a,a) 
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0(cos0_)  0(cos0  -COS0) 
3  c 


0 


6(w^*k3)2  1 

/  sin0^cos201\ 

t  u2E*9//2cos30  j 

i  B  ) 

{a  (i)  -a  (ii) } '  *{a)  iv)  -a  (ill) } 1 


(4.156) 


Using  the  integral  form  (4.156)  we  may  now  calculate  the  R-collision 
integrals  (4.136)-(4.138) .  The  Monte  Carlo  procedure  for  numerically 
evaluating  the  integral  (4.156)  is  to  average  the  integrand  over  a  set  of 
points  {p . . .  ,>i^}  picked  from  a  random,  uniform  distribution  in 
the  7-dimensional  unit  cube  U^: 


(a, a) 


31 


< 


7/67T5 


0(cos0_)  0(COS0  -COS0) 
3  C 


) 

1  sin0^cos20l  j 

\  u2E*9y/2cos30  j 

l  B  | 

X 


{a(i)-a(ii)}  ’*{a(iv)-a(iii) 


(4.157) 


The  uncertainty  in  estimating  this  average  with  a  finite  set  of  points 
12  M 

{px,p" . p“}  is  given  by  the  r.m.s.  deviation  of  the  quantity  being 

averaged,  divided  by  /M  .  Hence,  our  computational  algorithm  is  as 
follows : 
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1°  Generate  7  independent  random  numbers  from 

a  uniform  distribution  in  the  unit  interval. 

*w  <v 

2°  Calculate  the  quantities  0lf0^,(J)^,0,9,<|),u  (and  from 

eqs.  (4.154). 

3°  From  0^,9^  an<^  ^3'  calculate  0^  and  <f) ^  from  (4.148)  .  Set 

the  first  theta  function  in  (4.157)  to  0  or  1  according  to 

whether  cos@3  [see  (4.149)]  is  negative  or  positive.  If 

cos03<O  proceed  to  step  11°  with  all  integrands  equal  to 

zero,  noting  that  the  coordinates  have  not 

been  used  and  need  not  be  regenerated  for  the  next  point. 

4°  From  0^,0^,  and  calculate  cos@c  from  (4.98),  and  set 

the  second  theta  function  in  (4.157)  to  0  or  1  according 

to  whether  cos0  is  greater  than  or  less  than  cos0  .  If 

c 

cos0>cos0  proceed  to  step  11°  with  all  integrands  equal 
c 

to  zero,  noting  that  the  coordinates  ,fi  have  not  been 

used  and  need  not  be  regenerated  for  the  next  point. 

5°  Calculate  B  and  4>  according  to  (4.97)  and  (4.96).  Calculate 
6,02  and  w31  according  to  (4.112),  (4.111)  and  (4.114). 

A  A  A 

6°  Calculate  the  vectors  k^,  and  k3  according  to  (4.110b), 

(4 . llOe)  and  (4.110c).  Calculate  the  velocities  w12  and 

w^2  according  to  (4.110a)  and  (4.110d).  Calculate  the 

velocity  w  ^  according  to  (4.113),  and  calculate  the 

velocity  w^  according  to  the  definition  in  (4.116) . 

* 

7°  Using  the  above  vectors,  calculate  E  according  to  (4.127) , 

A  A 

and  also  calculate  w’  »k  . 

12  3 


169 


AEDC-TR-73-1  71 


10* 


11* 


12* 


From  the  region  II  velocities  w^  and  w^  and  the  collision 

A 

vector  k^,  calculate  the  region  I  velocities  according  to 
(4.117) .  Similarly,  from  the  region  III  velocities  w^2 

-k  A 

and  and  the  collision  vector  k^,  calculate  the 
region  IV  velocities  according  to  (4.118). 

Evaluate  the  velocities  w.^,  w^  and  in  all  velocity 
regions  according  to  (4.139).  Then  evaluate  the  quantities 

A. 

and  in  all  velocity  regions  according  to  (4.77a)  and 
(4.77b) . 

Using  the  definitions  (4.135),  calculate  the  primed 
differences  in  (4.157)  for  the  functions  a  appearing  in 

(4.136) -(4.138) (see  Table  XII). 

Using  the  values  found  in  the  preceeding  steps,  evaluate  the 
required  integrands  in  angular  brackets  in  (4.157),  and 
also  the  squares  of  these  integrands  (for  computing  the 
variances) ,  and  add  these  to  respective  cumulating  sums. 
Return  to  1°,  and  repeat  for  as  many  times  M  as  is 
practical.  Then  convert  the  sums  to  averages,  and  so 
obtain  the  Monte  Carlo  estimates  of  the  quantities  in 

(4.136) -(4.138) ,  together  with  the  uncertainties  in  these 
estimates . 


In  the  actual  calculations,  steps  8°-10°  were  combined  by  calculating 

-X.  _x- 

the  primed  differences  in  quantities  K^,L^  and  analytically  in  terms  of 

the  velocities  in  regions  II  and  III  and  the  other  integrating  variables 
as  indicated  in  Table  XII.  The  computer  calculations  were  carried  out  in 
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double-precision  to  minimize  the  effects  of  round-off  errors  on  certain 
critical  dynamical  quantities. 

Again,  an  empirically  determined  importance  sample  procedure  was 
used  to  effect  a  substantial  reduction  in  the  uncertainties  without 
increasing  the  number  of  sampling  points  M.  This  time  the  following 
importance  sampling  distributions  were  used  [cf.  (3.43)  and  the 
discussion  thereof] : 


P2(^2)  “  exp(-9*2)  ,  (4.158a) 

P3  (A3)  *  [U3-0.5)2+  (0.15)  *] _1,  (4.158b) 

P5(A5)  “  exp[-3(l-A,_)  ]  ,  (4.158c) 

P.(A,)  «  1+0.65  cos(2TTA  )  .  (4.l58d) 

00  b 


The  heavy  bias  in  (4.158a)  toward  low  ^-values  indicates,  according  to 

/\  A 

(4.154b)  and  Fig.  14,  that  the  configurations  for  which  k^  and  k3  are 
close  together  contribute  strongly  to  the  R-integrals.  The  additive 
constant  0.25  in  (4.154c)  was  inserted  to  simplify  the  importance  sampling 
on  the  ft 3  variable  in  (4.158b)  . 

The  results  of  these  special  calculations  for  the  R-integrals  are 
presented  and  discussed  in  the  next  section. 
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4.5  Three-Collision  Results 


The  "parallel  calculations"  of  the  R-,  H-  and  C-integrals  described 
in  Section  4.3  were  carried  out  by  means  of  a  computer  program  called 
Subroutine  RHC.  The  "special  calculation"  of  the  R-integrals  as  described 
in  Section  4.4  was  carried  out  by  means  of  a  computer  program  called  Sub¬ 
routine  RECOLL. 

The  results  of  the  calculations  of  the  R-integral  are  presented  in 
Table  viii.  Eight  runs  were  made  with  subroutine  RHC  and  four  runs  were 
made  with  subroutine  RECOLL.  Each  RHC  run  used  500,000  random  points 
[with  approximately  15%  of  them  actually  satisfying  the  conditions  for 
non-zero  theta  functions  0 (cos0^)  and  0  in  eq.  (4.89)],  and  required 
about  36  minutes  of  "cpu  time",  or  18  minutes  of  chargeable  "core  time",  on 
the  Univ.  of  Md.  Univac  1108  Computer.  Each  RECOLL  run  used  200,000  random 
points  [with  approximately  52%  of  them  actually  satisfying  the  conditions 
for  non-zero  theta  functions  0(cos0c~cos0)  and  0(cos0^)  in  eq.  (4.157)], 
and  required  about  13  minutes  of  "cpu  time",  or  5  minutes  of  chargeable 
"core  time",  on  the  same  computer.  The  agreement  between  the  RHC  results 
and  the  RECOLL  results  is  seen  to  be  quite  satisfactory;  in  view  of  the 
considerable  difference  between  the  computation  schemes  outlined  in 
Sections  4.3  and  4.4,  this  constitutes  a  very  strong  consistency  check  on 
our  R-collision  integrals.  We  take  for  our  "best  values"  the  averages  of 
all  twelve  runs  in  Table  viii;  the  uncertainties  quoted  in  these  "grand 
averages"  evidently  represent  a  conservative  estimate  of  the  95%  confidence 
limits . 

The  first  four  RHC  runs  listed  in  Table  viii  actually  calculated  the 

R-,  H-  and  C-integrals  simultaneously.  The  H-  and  C-results- are  presented 

in  Tables  ix  and  x.  Like  numbered  runs  in  Tables  ix,  x  and  xi  and  in  the 
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upper  part  of  Table  viii  refer  to  the  same  physical  computer  min.  We 
mentioned  that  each  of  these  four  runs  used  500,000  random  points  in  the 
7-dimensional  unit  cube,  and  required  about  36  minutes  of  "cpu  time", 
or  18  minutes  of  chargeable  "core  time",  on  the  Univ.  of  Md.  Univac  1108 
Computer.  The  percentages  of  the  500,000  points  which  satisfy  the 
theta  function  requirements  (i.e.,  the  dynamical  conditions)  of  the 
various  diagrams  were  approximately  as  follows: 

15.5%  satisfied  R  , 

9.3%  satisfied  H  , 

4.5%  satisfied  C  , 

11.9%  satisfied  R  only  , 

3.6%  satisfied  H  only  , 

2.3%  satisfied  C  only  , 

3.6%  satisfied  R  and  H  only  , 

0.03%satisfied  R  and  C  only  , 

2.1%  satisfied  H  and  C  only  , 

0.04%  satisfied  R  and  H  and  C. 

Little  objective  significance  can  be  attached  to  the  above  figures, 
since  they  will  vary  drastically  with  whether  or  not  importance  sampling 
is  employed;  these  figures  are  for  the  importance  sampling  scheme  described 
in  eqs.  (4.93). 

Concerning  the  results  obtained  for  the  R-,  Ht,  >and  C-collision 
integrals,  we  may  note  the  following  features. 

1°  The  sign  of  the  contribution  from  a  given  diagram  is  usually 
N 

(-1)  ,  where  N  is  the  number  of  non-interacting  collisions 
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required  by  the  diagram  (N=0  for  the  R-  and  C-diagrams, 

N=1  for  the  H-diagram) .  Note  that  this  rule  holds  for  the 
Enskog  (N=2)  and  S0(N=1)  contributions  as  well.  The  only 
exceptions  to  this  rule  seem  to  be  the  H-diagram  contribution 
to  the  viscosity  (which  is  positive  instead  of  negative)  and 
the  C-diagram  contribution  to  the  viscosity  (which  is 
evidently  consistent  with  zero) . 

2°  The  C-diagram  contributes  least  of  the  three-collision 
diagrams . 

3°  For  the  thermal  conductivity  and  the  viscosity,  the  H-diagram 
contributes  more  strongly  than  the  R-diagram. 

4°  For  the  self-dif fusion,  the  R-  and  H-contributions  are  both 
large  and  of  comparable  size,  but  are  of  opposite  sign. 

Thus,  the  R-  and  H-contributions  largely  cancel'  each  other 
for  the  self-dif fusion. 

Results  obtained  for  the  total  contributions  from  the  sequences  of 
three  successive  collisions  are  shown  in  Table  xi.  The  totals  X*3(l), 
ri*3 (1)  and  d*3(D  were  calculated  as  separate  averages  of  the  sums  of  the 
R-,  H-  and  C-integrands  in  the  four  main  runs,  i.e.,  first  four  runs,  of 
Subroutine  RHC.  Since  about  25%  of  the  points  which  satisfied  some  one 
diagram  also  satisfied  at  least  one  other  diagram,  this  procedure  allowed 
us  to  incorporate  whatever  correlations  were  present  in  deducing  error 
estimates  for  the  total  contributions.  Thus  the  errors  in  the  totals,  such 
as  X*  (1) ,  are  somewhat  less  than  the  combined  uncertainties  in  X*  (1) , 
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A* 32 (1)  and  X*  (1) ,  and  similarly  for  the  viscosity  and  self-diffusion. 

The  results  for  the  three-collision  contributions  are  summarized 
in  Table  XIII.  For  the  final  values  of  these  collision  integrals  we 
have  selected  the  average  values  for  the  H-  and  C-collision  integrals 
in  Tables  ix  and  x  and  the  grand  average  for  the  R-collision  integral 
in  Table  viii.  The  error  estimates  for  the  total  three-collision  con¬ 
tributions  are  obtained  from  the  four  main  results  in  Table  xi  as  dis¬ 
cussed  above. 

The  most  outstanding  feature  of  the  net  three-collision  results  is 

r 

that  A*  (1)  is  negative  whereas  ri*3(l)  and  0*3(1)  are  both  positive. 

The  difference  in  sign  between  A^d)  and  n*3(l)  is  traceable  to  the 
difference  in  sign  between  their  H-diagram  contributions,  which  dominates 
in  both  cases.  We  note  that  if  the  R-diagram  contribution  to  the  self¬ 
diffusion  had  not  been  doubled  by  the  fact  that  the  same  two  particles 
participate  in  the  first  and  last  collisions  [see  (4.76)],  then  D*3 (1) 
would  have  been  dominated  by  its  negative  H-diagram  contribution  just  as 
A *3 (1)  was. 

Evidently,  the  three-collision  contribution  to  A* (1)  tends  to  rein¬ 
force  the  single-overlap  contribution,  whereas  the  three-collision  con¬ 
tributions  to  n£(l)  and  D* (1)  tend  to  offset  the  respective  single-overlap 
contributions . 

In  Chapter  III  we  calculated  the  single-overlap  integrals  in  two 
different  ways,  thus  providing  a  consistency  check  on  our  computer 
programs.  In  this  chapter  we  have  calculated  the  R-collision  integrals 
by  two  different  proceedures,  thus  testing  the  consistency  of 
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Table  XIII 

Summary  of  Three-collision  Results 


Coef .  = 

R-contribution 

r  H-contribution 

1 

C-contribution  = 

n 

X13<1> 

+0 . 0128±0 . 0002 

-0.0307±0.0004 

•+0.0051±0.0003 

-0.0128+0.0005 

n*3(D 

+0.0101±0.0003 

+0.0276±0.0004 

-0 . 0001±0 . 0002 

+0.0376±0.0005 

D*3<U 

+0.0980±0.0009 

-0.0917+0.0008 

+ 0 . 0282±0 . 0007 

+0.0345+9-0013 

Note:  All  uncertainties  represent  95%  confidence  limits. 
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these  results  as  well.  We  note  that  the  H-  and  C-collision  integrals 
are  computed  from  Subroutine  RHC  by  the  same  logic  as  the  R-collision 
integrals.  In  addition,  however,  it  is  possible  to  make  a  consistency 
check  relating  the  procedure  for  calculating  the  H-collision  integrals 
with  the  single-overlap  collision  integrals.  We  shall  refer  to  this 
check  as  the  "H-SO  Test." 

The  "H-SO  Test"  is  obtained  by  considering  the  collision  integrals 
that  account  for  the  contributions  from  the  NS-collision  sequence  in 
(2.25) 

{^,x}NS)=  {x'^}SN);  ^'xJNS}  =  {x,^SN}  '  (4.159) 

The  SN-  and  NS-collision  sequences  are  represented  schematically  in  Fig.  15 
The  SN-collision  sequence  is  the  same  as  that  shown  in  Fig.  6b.  The  NS- 
collision  sequence  is  related  to  the  SN-collision  sequence  by  time  reversal 
As  pointed  out  in  Section  3.1,  the  SN-collision  sequence  is  obtained  from 
Fig.  10  if  we  require  T'<T,  where  T*  is  the  time  that  particles  2  and  3 
separate.  Thus  the  collision  integrals  (4.159)  are  given  by  the  single¬ 
overlap  collision  integrals  (3.1),  (3.3)  or  (3.42)  if  we  replace  the  inte¬ 
grand  A+©(t-t')B  with  0 (t— T ' ) B .  They  may  thus  be  obtained  directly  from 
Subroutine  OVRLAP  if  we  drop  the  first  term  of  the  integrand  A+ 0  (t-t’)B 
in  (3.42). 

On  the  other  hand,  the  NS-collision  sequence  may  also  be  obtained  from 
Fig.  12b,  if  we  replace  the  condition  t<t2  with  the  condition  t>t2>  Thus 
the  same  collision  integrals  may  also  be  computed  from  Subroutine  RHC  by 
evaluating  (4.89)  for  V=2,  when  the  condition  t<t2  is  replaced  with  the 
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condition  T>T2*  Both  procedures  should  yield  the  same  results,  since 
it  follows  from  (4.159)  that  in  the  first  Enskog  approximation 


2  3  I  2  3 

SN- SEQUENCE  NS  -  SEQUENCE 


Fig.  15.  The  SN-  and  NS-collision  sequences. 
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The  results  obtained  for  the  SN-collision  integrals  (from  Subroutine 
OVRLAP)  and  for  the  NS-collision  integrals  (from  Subroutine  RHC)  are 
presented  in  Table  xii.  The  agreement  between  the  results  obtained 
with  the  two  different  procedures  is  seen  to  be  quite  satisfactory. 

The  "H-SO  Test"  may  also  be  formulated  in  the  following  way.  If  we 
drop  the  requirement  in  the  calculation  of  the  H-collision  integrals. 

Subroutine  RHC  yields  the  combined  contributions  from  the  H-collisions  and 
NS-collisions.  The  results  of  these  computations  are  given  in  Table  xiii. 
The  same  results  should  be  obtained  if  we  add  the  H-collision  integrals 
from  Table  ix  to  the  NS-collision  integrals  obtained  from  Subroutine 
OVRLAP  after  replacing  the  integrand  A-iQb  with  0B.  The  latter  values  are 
presented  in  the  last  row  of  Table  xiii.  In  view  of  the  differences  between 
the  procedures  used  to  evaluate  the  SO-  and  the  H- integrals,  this  agreement 
constitutes  almost  as  strong  a  check  on  our  H-integrals  in  Subroutine  RHC 
as  Subroutine  RECOLL  did  for  the  R-integrals. 

Another  attempt  to  calculate  the  three-collision  integrals  has  been 

made  by  Condiff  and  cOwOrkers  [16,17]*  As  pointed  out  in  AEDC-TR-72-142 [3] 

(3)  (3)  (3^ 

they  consider  the  collision  integrals  t  {^»X^+NS»  • 

together  with  the  EVD-integrals  defined  in  (3.66).  Their  results,  there¬ 
fore,  should  be  compared  with  the  numbers  listed  in  Tables  vii,  viii,  xiii 
and  x.  The  computer  results,  found  originally  by  Condiff  and  coworkers, 
differed  in  various  aspects  from  the  numerical  results  presented  in  this 
report.  However,  after  making  a  comparison  with  our  results  they  were 
able  to  locate  some  errors  in  their  original  calculations.  At  the  time 
of  this  writing,  Condiff  has  informed  us  that  his  group  has -now  been  able 
to  confirm  the  results  presented  in  this  report  (17] . 
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CHAPTER  V 


SEQUENCES  OF  FOUR  SUCCESSIVE  COLLISIONS 

5 . 1  Introduction 

In  this  chapter  we  consider  the  contributions  from  four  successive 
collisions  among  three  molecules  (U=4) .  The  corresponding  collision  inte¬ 
grals 


-  XM? ♦ ix.*c]  - 

-  l  ♦  (x.*)®]  '  (5.1) 


were  defined  in  (2.32)  and  (2.33).  They  are  related  to  the  RH-collision 
sequence  (V=l)  and  RC-collision  sequence  (v=2)  shown  in  Fig.  8.  We  shall 
only  evaluate  the  four-collision  contribution  to  the  transport  coefficients 
in  the  first  Sonine  approximation.  In  this  approximation  ^=X  so  that  we 
consider 


-  2  l 

4  v=i 

(5.2) 

=  2  f 

V=1 


The  geometry  of  the  RH-collision  sequence 
is  shown  schematically  in  Fig.  16.  In  analogy 


and  the  RC-collision  sequence 
to  the  procedure  followed  in. 


Chapter  III  and  TV  we  define 
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(a, a) 


4v 


£-1) 


6/2 

107T6 


f  A  A 

J  dW0dW12dW31dkldk2dT 


(5.3) 


-V  ~  _V  "  -3W  -E 

W12*klNW31,k2le  ° 


{a (I) -a (II) }*{a (Vv) -a (IVV) } , 


v  ^  A  A 

where  the  integration  variables  WQ'Mi2,W31,kl'k2  and  t^ie  quantity  E  are  the 
same  as  in  Section  4.4  for  the  R-integrals.  In  terms  of  the  integral  form  (5.2) 
we  may  rewrite  the  collision  integrals  (5.3)  as 


{+,*>{3)  -  J  (*.»>4V  , 

3 

where  ¥=  J  ip  as  in  (2.42),  and 
m=l 


(3) 


-  *Ji»2'*2)4V 


(5.4a) 


(5.4b) 


In  (5.4b)  we  use  the  fact  that  only  particle  2  is  involved  in  both  the  first 
and  last  collisions;  thus  only  the  n=2  term  in  (2.33b)  yields  a  non-vanishing 
contribution . 

We  observe  from  Fig.  16  that  velocity  regions  I,  II  and  III  are  the  same 
for  the  RH-  and  RC-diagrams,  and  in  fact  coincide  with  the  first  three  velocity 
regions  of  the  R-diagram  in  Fig.  12.  In  other  words,  the  functional  depen- 

-k.  -A.  _k  _k.  A 

dence  of  the  vectors  ^  ,W31  ^  ,W12  ,W31  and  ^3  ui>on  t^ie 
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integrating  variables  W^EW^di),  W315WJl^i:t^'  kl'  k2  and  T  are  the  same 
for  the  RH-,  RC-  and  R-diagrams;  they  are  again  given  by  (4.3),  (4.4)  and 
(4.19a).  For  the  RH-diagram  (V=l)  we  want  the  third  collision  with  peri- 

A 

helion  vector  k3  to  be  non-interacting  and  followed  by  an  interacting 
collision  between  particles  2  and  3.  For  the  RC-diagram  we  want  the  third 

/V 

collision  with  perihelion  vector  to  be  interacting  and  followed  by  an 
interacting  collision  between  particles  2  and  3,  Clearly,  then,  the 
integrating  volumes  and  (5.3)  are  each  subvolumes  of  the 

R-diagram  integrating  volume.  Thus,  we  define  theta  functions  0  by 

_fc.  _k.  A  ^  A 

1,  if  ^  ,W  ,W  ,k  ,k_,T  are  such  that,  if  the  k_  collision 


0 


4V 


0'  12'  31"*1"‘2'‘ - - 3 

be  made  {v=l:  non-interacting/V=2 :  interacting},  then  a 

2-3  collision  will  follow; 

^  0,  otherwise. 


(5.5) 


Then  (5.3)  can  be  written  as 


(a,°04v  =  2  (-1) 


u  3/2 
107T6 


-3W?-E 


^  -3W 

dW0dH12dW31dkl‘lk2dT  K2-klHVklle 


X  04v  {0t  (I)  _Ct  (IX)  (VV>  -«(%)> 


(5.6) 


From  eqs.  (2.22),  (2.23),  (5.1)  and  (5.4)  we  see  that  the  four-collision 
contribution  to  the  transport  coefficients  is  given  by 
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X*4«) 


"  I  X14VW> 


V=1 


n*4<»» 


D^(N) 


’  I  \4V,N) 


V=1 

2 


J  C14V(N! 


V=1 


(5.7) 


where,  for  the  first  Sonine  approximation  (N=l) , 


W1*  = 


l  S3/2  l  S3/2(Wn)\ 

m-i  3/2  m  m  n=l  3/2  n  n 


4v 


ni4V(1) 


3  (0)  3 


1  S^'<W2)WW  ,  l  si°!,(W2)W0W 
5/2  m  m  m ' 5/2  n  n  n 
m=l  n=l 


4v 


(5.8) 


D14V<1}  = 


-2 


S3/2(B!2>"2’S3/2W1,S2 


4V 


(5.8) 


In  these  last  equations  we  may  insert  the  explicit  forms  of  the  Sonine  poly¬ 
nomials  in  Table  I,  and  use  the  fact  that  I  W  and  E  W2  do  not  change  in  a 

n  n  n  n 

collision,  to  obtain  the  more  explicit  expressions 


* 

X14V 


(1) 


ni4V 


(1) 


3  3  ^ 

y  w  w2 ,  y  w  wz 

L.  m  m'  L.  n  n 
m=l  n=l 


4U 


3  ^  ^  3  ^ 

-  y  w  w ,  y  w  w 

L.  m  m  L.  n  n 
m=l  n=l 


4V 


°14V 


(1) 


in  terms  of  the  integrals  form  (5.6). 
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5.2  Evaluation  of  RH-  and  RC-Integrals 


According  to  (5.6)  both  the  RH-  and  the  RC- integrals  may  be  formulated 
as  integrals  over  the  same  region  as  the  R- integrals.  We  therefore  may 
adopt  the  same  procedure  as  followed  in  evaluating  the  R-integrals.  Of 
the  two  procedures  for  calculating  the  R-integrals  described  in  Chapter  IV, 
the  special  procedure  described  in  Section  4.4  is  better  suited  for  this 
purpose,  since  it  yields  the  higher  efficiency  ratio. 

In  view  of  the  similarities  between  (5.6)  and  (4.122),  it  is  clear 
that  we  may  use  the  integrating  variables  specified  in  Fig.  14  and  employ 
the  same  logic  as  that  used  in  going  from  (4.122)  to  (4.133),  to  obtain 


<a'a)4V  =  ■2(_1) 


v  12/2 


5tt 


///•*,  3W°/dK12M12e  W 


1  1  2TT  TT  1  2$  « 

J  dcos0^  J" icosQ  ^  J" d<$>  ^  J" d0  y  dcosO  J  d(j>  J i 


2 

12E 


00 

dw 


12 


x  0(6-6  ) 


5wi2*i2'Vos0i 


C  Bcos38 


04v{a(i)-a(ii)>*{a(vv)-a(ivv) }  .  (5.10) 


We  recall  from  Section  4.4  that  E*  is  given  by  (4.127),  6  is  given  by 

c 

(4.98),  6  is  given  by  (4.112),  B  is  given  by  (4.97),  lower  case  w's  denote 
velocities  "scaled"  according  to  (4.109),  unprimed  velocities  refer  to 

AAA 

region  II,  primed  velocities  refer  to  region  III,  and  the  vectors  k^,k  ,k  , 
W12'W12  W31  are  9*ven  explicitly  in  terms  of  the  integrating  variables 

by  (4.110) - (4.113) .  The  velocities  in  regions  I, II, III, IV  and  V^  are  given 
in  terms  of  the  aforementioned  vectors  by  the  following  equations  [cf.  (4.115) 
(4.118)  and  Fig.  16]: 
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(V  =1) 


w,„(D 

=  w,  ^ 

-  2w  .k,k 

12 

12 

12  1 

-a. 

_i  A  A 

w  (I) 

= 

+  w  -k.  k. 

31 

31 

12  1  1 

(5.11) 


“12(II>  =»12 

S31  (ID  -»31 


(5.12) 


w,„(III)  H  w* 


12 


12 


w__(III)  =  w'  =  w_  -  2w._  -ki 


31 


31 


31 


31  2  2 


(5.13) 


»12(IV  =  "i2 

“jl®!1  “  "31 


(5.14) 


(V 

“  W32(IVl)’k41k41 

<V 

-A. 

/\  A 

-A. 

"  "31(IV 

"  W32(IVl)'k41k41 

(5.15) 


(V  =2) 


/ 


"12<1V2> 

"31<IV2> 


4.  a.  a  a 

W12  “  2w12’k3k3 


}31 


w;.  ir 


A  A 

12  k3k3 


»12(V 

-  "12(IV2) 

“  W32(IV2)’k42k42 

! 

-A- 

- 

W„(V  ) 

V  31  2 

-  "31(rV2> 

-  »32(IV2)-,'42k« 

(5.16) 


(5.17) 


We  observe  that  the  formulae  (5.15)  and  (5.17)  for  the  velocities  in 

/v 

regions  V  require  the  fourth  collision  vectors,  k.  ,  .  The  conditions  for 
V  4V 

A 

the  existence  of  k.  ,  are  of  course  precisely  the  conditions  for  0.  =  1  in 

4V  4V 

(5.10),  namely,  that  the  positions  and  velocities  of  2  and  3  immediately 
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following  the  third  collision  be  such  that  2  and  3  will  indeed  collide  in 
the  future.  The  position  and  velocity  of  3  relative  to  2  immediately  follow¬ 
ing  the  third  collision  in  diagram  V  are  as  follows: 


r  =  k3  -  k2  +  <B/sin6>  ' 


(5.18a) 


wv  -  U31(IV  +  "l2(IV  • 


(5.18b) 


If  we  denote  by  T1  the  time  between  the  second  and  third  collisions 

(  — in  Fig.  12  )t  then  (5.18a)  follows  from  the  two  equations 

W^T1  =*  B/sin0  and  r  =  k^  -  Wj^T1  ”  ^2  +  W32T*'  can  he 

2 

deduced  from  the  geometry  of  Fig.  14.  We  can  be  assured  that  r  >1,  i.e., 

that  particles  2  and  3  are  separated  at  the  instant  of  the  third  collision, 

since  otherwise  the  third  collision  would  be  an  "overlap  collision,"  in 

violation  of  the  theorem  which  says  that  a  collision  sequence  containing 

an  overlap  collision  cannot  contain  more  than  three  complete  collisions 
-f-  2 

[5,10].  Given  r  >  1,  the  necessary  and  sufficient  conditions  for  a  future 
collision  between  2  and  3  in  diagram  V  are  [cf.  eqs.  (4.46)-(4.48) ] : 


0  <=> 

4V 


wv  r  <  0 


(wv  *  r) 2  -  wv2  <  0 


(5.19) 


/v 


When  both  of  these  conditions  are  satisfied  then  the  vector  k_  , 

4V 

given  by 


exists  and  is 


By  the  same  theorem,  we  need  not  make  sure  that,  in  the  RH-diagram, 
particles  1  and  2  separate  before  particles  2  and  3  collide  in  the  fourth 
collision. 
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k4V  =  ^  + 


wv  [wv.r  +  V(yr)2  -  wv2(r2-l)] 


(5.20) 


We  note  in  passing  that  the  inner  products  appearing  in  the  velocity  change 
equations  (5.15)  and  (5.17)  can  be  shown  from  (5.18b)  and  (5.20)  to  be  given 


^32{IV  *k4V  =  +  V< V^2"  WV2(r2'1> 


(5.21) 


In  summary,  with  r  and  w  as  defined  in  (5.18),  0  in  (5.10)  is  1 
or  0  according  as  conditions  (5.19)  are  or  are  not  both  satisfied;  further, 
if  04v  =  1  then  is  given  by  (5.20) . 

All  quantities  in  the  expression  (5.10)  for  (a, a) ^  are  now  well 
defined  analytically.  The  functions  a  needed  in  (5.19)  are  polynomials  in 
the  velocities  W^,  W^.  Using  the  transformation  equations  (4.119) ,  we 

■  W 

now  express  these  functions  as  polynomials  in  terms  of  the  variables  WQ, 

O.  -V  -A- 

W12  an<*  W31*  T*ie  WQ-(^ePendence  is  thereby  rendered  explicit,  and  the  W^- 
integration  in  (5.10)  can  then  be  carried  out  analytically.  The  integrands 
will  then  involve  only  the  velocities  W^2  and  W^.  Scaling  according  to 
(4.109)  will  then  render  the  dependence  explicit,  and  the  W12~integration 
in  (5.10)  can  then  be  carried  out  analytically.  These  operations  transform 
eqs.  (5.9)  into  [cf.  (4. 136)- (4.138) ] 


*MV(1>  =  -3«vV4V  -  ”«i'V4v 


(5.22) 


ni4V<1)  “  2(Ll'*'l*4V 


(5.23) 


°14V{1)  =  "2(W20,W20)4V 


(5.24) 
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where  and  are  defined  in  (3.30)  or  (4.77),  with  the  velocities 
w  (i),  w2Q(i),  w3Q(i)  given  in  the  various  regions  i  =  I,  II,  III,  IV^, 
according  to  (4.139),  and  where  now  (a, a) ^  is  given  as  the  7-dimensional 
integral  form 


1  1  2tt  TJ  1  2ir  ® 


X  -0(6-6  )  04v 


5“i2'“i2'h3)COS0l 


*9/2  3» 

E  '  Bcos  0 


{•a(l)-a(il)}*{a(Vv)^(ivv)}  .  (5.25) 


The  integral  (5.25)  is  still  not  quite  in  a  form  suitable  for  evalua¬ 
tion  by  a  Monte  Carlo  procedure.  First,  we  have  to  choose  a  suitable  change 
of  variables  w^2  ■+■  u  which  maps  the  infinite  interval  0  <  w^2  <  00  onto  the 
finite  interval  0  <  u  <  1.  After  a  detailed  analysis  of  the  w^2  behavior 
of  the  integrand  in  (5.25),  it  was  determined  that  a  suitable  transformation 
is 

w^)"1  ,  (5.26a) 

for  which 


w*  ^dw * 
W12aW12 


1_  du 

3  2 
u 


Inserting  this  transformation  into  (5.25),  we  obtain 


(5.26b) 
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2TT  7T 


(a'a)4V  =  (_1) 


V-l 


i-JZ 


12  IT 


► 

f 

* 

• 

dcosG^ 

dcos0 

d<f>3 

d0 

dcos6 

d<f> 

i  0 

0 

0 

oJ 

oJ 

2_ir  i 
du 


A  A 


<5(w'  *k  )cos0 

x  0(cos0  -cos6 )  0  ,|  -  ■■ — - — - 

0  I  u2E9/2Bcos3e 


{a(l)-a(ll)}*{a(vv)-(lvv)}  ,  (5.27) 


where  it  is  henceforth  understood  that  the  variable 


w 


12 


1/3 


(5.28) 


It  remains  now  only  to  investigate  the  boundedness  of  the  integrand 
in  (5.27)  with  respect  to  the  zeros  of  the  quantities  B  and  cos9 .  This 
has  essentially  already  been  done  in  connection  with  the  formula  for  (a, a) ^ 
in  (4.142).  However,  it  will  be  observed  that  the  quantity  in  parenthesis 
in  the  integrand  of  (5.27)  is  not  exactly  the  same  as  the  product  of  the 
quantities  in  parentheses  in  the  integrand  of  (4.142).  The  difference  is 
due  to  the  fact  that,  in  (4.142),  the  velocity  region  differences  are  the 
f^Umzd  differences  defined  in  (4.135),  whereas  in  (5.25)  we  have  the  ordi¬ 
nary  unprimed  differences.  The  point  is  that  the  extra  factors  cosG^  and 

A  A 

w^2*k3  in  (4.142),  which"  appeared  respectively  in  the  differences 
{a(I)-a(II)}  and  (3 (IV) -$ (III)} ,  both  played  key  roles  in  these  boundedness 
considerations.  Now,  in  (5.27),  we  will  still  get  a  factor  of  w^'k^ss  eos“^ 
from  the  difference  {a(I)-of(ll)'};"  however,  the  quantity  {a (V^)— et  (IV^) }  will 

A  A  A  A 

be  proportional  to  w32 (IV^) *k4v  instead  of  w{2‘k3*  HencG'  for  <5*27)  we 
need  to  examine  the  boundedness  of  the  factor 
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\  u2E*,/acos38  / 


2. 

COS  0, 


(5.29) 


instead  of  what  appears  in  (4.142). 

The  first  factor  in  (5.29)  differs  from  the  first  factor  in  (4.142) 

only  in  the  replacement  of  one  of  the  wj^-k^  ^acto^s  by  ^32  ^IV\)^  *k4V* 

Now,  in  analyzing  the  behavior  of  the  first  factor  in  (4.142) ,  we  found  that 

the  only  possible  divergence  could  occur  for  cos0  near  0  and  sin0  near  0.  A 

detailed  analysis  reveals  that  this  situation  can  occur  only  when  the  first 

three  collisions  are  all  "grazing"  collisions,  in  which  the  particles  are 

always  moving  nearly  parallel.  From  the  PH-  and  RC-diagrams  in  Fig.  12,  it 

is  clear  that  in  such  a  case' the  fourth  collisions  will  necessarily  be  "graz- 

„  ^ 

ing"  collisions  also,  so  that  the  wk  factor  for  that  collision  will  likewise 
be  very  small.  Therefore,  we  may  expect  the  term  W32^IVv^’^4v  t0  approac^ 

A  A 

zero  essentially  as  fast  as  w^-k^  aPProaches  zero,  at  least,  in  the  double 
limit  0  -»■  tt/2  and  0  -*■  0,  so  that  the  first  factor  in  (5.29)  should  be  always 
bounded  just  as  the  first  factor  in  (4.142)  was  seen  to  be  [cf.  (4.147)]. 

The  second  factor  in  (5.29)  is  obviously  the  same  as  the  second  factor 
in  (4.142).  Now,  in  (4.151)  we  saw  that  this  factor  diverges  like  l/sin0^ 

A  A 

as  0^  -►  0,  where  0^  is  the  angle  between  k3  and  k^  [cf.  Fig.  14].  We  thus 
found  it  necessary  to  change  variables  from  (cos03,<f>3)  to  (0^,  <(>3  )  according 
to  (4.152).  Eq.  (5.27)  then  becomes 
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1  7T  2^  TT  1  2 IT  1 

r  r  re  r  r 


i/e 

r 

> 

• 

• 

(a'a)4V=  ™  127T2 

.  . 

dcos0^ 

d0' 

d0 

dcos0 

dd> 

.7  -7  „7  ft .  .J  .7  „7 

0  0  0  0  0  0  0 


X 


0(cos0,)  0(cos0  -cos0)  0. 

3  c  4v 


^  ^  ^12*^3^  c<5s®ie*n®3>| 

.  u2E*9/2Bcos30  J 


X  {a(i)-a(ii)Ha(vv)-a(ivv)}  ,  (5.30) 

> 

where  it  is  henceforth  understood  that  the  angles  03  and  (J) 3  are  given  by 
(4.148),  and  where  the  new  theta  function  insures  that  the  condition 
cos03  >  0  will  be  fulfilled  as  was  required  by  (5.27)  [see  also  eq.  (4.149)]. 
We  shall  not  use  primed  differences  in  (5.30)  as  we  did  in  (4.153) ,  but  it 
is  clear  that  the  integrand  in  (5.30)  taken  a&  a  ulhoZe  is  a  bounded  function 
of  all  the  integrating  variables. 

One  last  transformation  of  variables  is  made  in  preparation  for  the 
Monte  Carlo  calculations.  In  this  transformation,  we  transform  the  7-dimen- 
sional  integrating  region  in  (5.30)  into  a  7-dimensional  unit  cube  according 
to  [cf.  (4.154)] 


COS0^ 

= 

*1 

f 

(5.31a) 

e3 

= 

CM 

s 

9 

(5.31b) 

*3 

= 

2TT  (7l3+0.25) 

9 

(5.31c) 

0 

= 

1T71. 

4 

r 

(5 . 31d) 

COS0 

= 

*5 

r 

(5 . 31e) 

i 

= 

6 

9 

(5 . 31f ) 

u 

= 

4.7,  w[2=[(l-u)/u]1/3 

• 

(5 . 31g) 

192 


AE  DC-TR-73-1  71 


[The  additive  constant  in  (5.31c)  is  inserted  to  simplify  the  importance 

4 

sampling  procedure  later.]  The  Jacobian  of  this  transformation  is  4tt 
[cf.  (4.155)3,  so  we  obtain  as  our  final  formula  for  (0t,a)4^ 


(a, a) 


4v 


x  0(cos03)  0 (cosG^-cosS)  0 


A  A 

^W12*k3  cos01sin03 
u2E*9/2Bcos30 


x  {ad)-a(ii)  }*{a(v^)-a(iv^}}  .  (5.32) 

Before  summarizing  the  Monte  Carlo  computation  algorithm  for  the  four 
collision  integrals,  we  first  describe  a  trick  which  we  used  to  essentially 
double  the  efficiency  of  our  computational  procedure.  The  philosophy  of  our 
computation  of  the  RH-  and  RC-diagrams  has  obviously  been  to  first  construct 
an  R-collision  sequence  [cf.  Fig.  12],  and  then,  by  making  the  third  colli¬ 
sion  {non-interacting/interacting},  to  simply  inquire  as  to  whether  or  not 
particles  2  and  3  will  subsequently  collide,  in  which  case  we  will  have  an 
{rh/RC}  collision  sequence.  Our  "trick"  to  increase  our  computing  efficiency 
follows  from  the  symmetry  of  the  R-diagram  and  the  invariance  of  all  our 
integrals  to  a  change  in  sign  of  all  velocities:  we  could  equally  well 
place  the  fourth  collision  before  the  first  collision  in  the  R-diagram, 

A 

provided  we  allow  this  collision  with  perihelion  vector  k^  to  be  non-inter¬ 
acting  as  well  as  interacting.  In  other  words,  once  we  have  set  up  the 

A  A  A 

collision  vectors  k  ,  k^  and  k^,  we  can  attempt  to  construct  a  four-collision 
sequence  either  by  checking  to  see  if  2  and  3  collide  after  the  third  colli- 

A 

sion  with  collision  vector  k^  or  by  checking  to  see  if  2  and  3 
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collide  before  the  first  collision  with  collision  vector  k  .  In  the 

A 

former  case  we  make  the  check  with  the  k^  collision  penetrating  as  well 
as  interacting,  in  order  to  check  for  both  the  RH-  and  RC-diagrams.  In 

A 

the  latter  case  we  make  the  check  with  the  k^  collision  separating  as 
well  as  interacting  for  the  same  reason.  In  Part  I  of  this  series  we 
have  referred  to  the  collision  sequences  thus  obtained  as  HR-  and 
CR-collision  sequences  [3J.  It  is  thus  possible  to  evaluate  concurrently 
the  RH-  and  RC-collision  integrals  as  well  as  the  HR-  and  CR-collision 
integrals.  Since  [3] 


(*P  ^R^  = 

(5.33) 


with  a  similar  identity  for  the  self-diffusions  collision  integrals,  the 
two  sets  of  integrals  should  be  equal.  By  thus  calculating  both  the  RH- 
and  RC-integrals  and  the  HR-  and  CR- integrals,  we  obtain  not  only  an 
important  consistency  check,  but  also  two  separate  numerical  estimates 
for  the  same  collision  integrals. 
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The  relationship  between  these  collision  sequences  is  made  more 

clear  in  Fig.  17.  Fig.  17a  shows  schematically  how  the  RH-  and  RC- 

collision  sequences  are  constructed  according  to  the  treatment  outlined 

thus  far  in  this  section.  The  regions  between  the  first  and  third 

collisions  are  constructed  from  the  R-diagram  mathematically  by  setting 

the  integration  variables  in  (5.30)  subject  to  the  requirements  imposed 

by  the  theta  functions  on  cosB^  and  cosQ.  The  region  before  the  first 

collision  is  then  determined,  as  is  also  the  region  after  the  third 

collisions.  Of  course,  in  the  region  after  the  third  collision,  we  have 

two  situations  to  investigate,  namely,  for  the  third  collision  non- 

f 

interacting  (v=l)  and  interacting  (V=2)  .  In  each  case  we  construct  the 

_x.  _k. 

velocity  and  position  vector  r  of  3  relative  to  2  immediately  after 
the  third  collision  [cf.  (5.18)],  and,  if  conditions  (5.19)  are  satisfied, 

A 

we  then  construct  the  fourth  collision  vector  k^,  thereby  completing  the 
RH-  and/or  RC  diagram. 

But  there  is  another  way  of  constructing  sequences  of  four  successive 
collisions  and  this  method  is  illustrated  by  the  diagram  of  Fig.  17b.  We 
shall  refer  to  this  diagram  as  the  "reversed"  diagram  to  distinguish  it 
from  the  "direct"  diagram  of  Fig.  17a.  In  the  reversed  diagram,  we  shall 

A  A 

denote  the  collision 'Jvectors  by  K.  instead  of  k. ,  the  scaled  velocities 

i  l 

-h.  pJt. 

by  to. ,  instead  of  w. .,  and  the  velocity  regions  by  lower  case  instead  of 
i]  13 

upper  case  Roman  numerals.  The  reversed  diagram  is  "reversed"  in  the  sense 
that  it  is  of  precisely  the  same  structure  as  the  direct  diagram  except  for 
a  reversal  of  all  velocities;  this  may  be  seen  by  imagining  the  reversed 


t  For  this  reason  we  have  not  schematized  the  velocities  of  1  and  2 
in  region  IV  in  Fig.  17a. 
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diagram  in  Fig.  17b,  together  with  its  velocity  region  designations,  to  be 
turned  upside  down.  Now,  it  is  seen  from  the  figure  that  some  simple,  direct 
relationships  exist  between  the  dynamical  variables  in  the  first  four  velo¬ 
city  regions  of  the  two  diagrams.  Specifically,  once  the  basic  R-diagram 
has  been  set  up,  i.e.,  once  a  set  of  values  for  the  integrating  variables 
in  (5.30)  have  been  found  which  satisfy  the  theta  function  conditions  on 
cos6  3  and  cos0,  then  the  dynamical  variables  in  the  first  four  velocity 
regions  of  the  "reversed"  diagram  are  obtained  from  those  of  the  "direct" 
diagram  according  to  the  following  formulae: 


A 

<1 

A 

-  k3  , 

(5.34a) 

A 

A 

k2 

=  k2 

(5.34b) 

A 

<3 

A 

=  kl  / 

(5.34c) 

“ij <u 

“±j (ii) 

li).  .  (iii) 

“ij  <ivi> 

“ij <lv2> 


-wij(IV2) 

-V  4. 

=  0),  .  =  w!  . 
*3  ±3 

=  oj!  .  =  w.  . 

13  i3 

-a- 

=  “ij  =  wij 

=  Wijd) 


A 


J 


ij  =  12,31 


(5.35a) 
(5.35b) 
(5.35c) 
(5. 35d) 
(5.35c) 


We  may  then  investigate  whether  the  fourth  collision  occurs  in  the  reversed 
diagram  by  a  procedure  similar  to  that  used  fcCr  the  direct  diagram  [cf .  the 
discussion  of  equations  (5.18)  -  (5.20)].  Thus,  letting  p  and  denote 

A 

the  position  and  velocity  of  3  relative  to  2  at  the  instant  of  the  IC3 
collision  in  the  reversed  V-diagram,  we  have 
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P  =  k1  -  k2  -  W31(pcot0  +  cos0 3  -  cos9^) 


(5.36a) 


V=  W31(I)  +  W12(I) 


(5.36b) 


Since  p  is  the  position  of  3  relative  to  2  at  the  instant  of  the  k^ 
collision,  and  since  the  scaled  time  T  between  the  k^  and  k 2  collisions 
is  given  by  (4.130d)  and  (4.97),  then  (5.36a)  follows  directly  from  the 

A  A  A  ^ 

relation  p  =  k  +w  T  -k  -w  T  ,  which  relation  is  easily  read  off  from 

•V 

Fig.  14.  Now,  the  conditions  on  p  and  CJ^  which  insure  the  existence  of 

A  -k.  XW 

ic  are  the  same  as  those  on  r  and  w^  in  the  direct  diagram,  except  we 
must  take  into  account  the  fact  that  all  velocities  are  reversed.  Hence, 
from  (5.19),  the  necessary  and  sufficient  conditions  for  the  existence  of 
the  fourth  collision  in  the  reversed  v -diagram  are 


reversed 


%'P  >  o 

(uv  x  p)  2  —  <  o 


(5.37) 


When  both  of  these  conditions  are  satisfied,  then  the  vector 
exists  and  is  given  by  [cf.  (5.20) J 


^  ..  [«  *P  -  /{u  •  P)2  -  wj(p2-l)l 

_  P  +  GD_.L  — - — - - - - 


(5.38) 


The  velocities  in  region  v  are  then  given  by  [cf.  (5.15)  and  (5.17)] 


CD  (v  )  =  CD  (iv  )  -  CD  (iv  )  "ic  IC 
12 1  V1  l2  1  V  32 'V  4V  4V 


CD  ,  (v  )  =  CD,,  (iv  )  -  CD„(iv  )  •<.  K. 
31  V  31  V  32  V  4V  4V 


(5.39) 
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where  [cf.  (5.21)] 

w32(ivv)-<4v=  -  Vudv-P>2  -  »J(p2-l)  •  (5.40) 

In  evaluating  (a,a)4^  for  the  HR-  and  CR-diagrams,  we  use  the  same 
formula  (5.30)  as  for  the  RH-  and  RC-diagrams,  but  with  two  exceptions: 
first,  we  replace  the  04  condition  (5.19)  by  the  condition  (5.37);  and 
second,  we  replace  the  velocity  functions  a  in  (5.30)  by 

a(i)  =  a(w12(i),  W31(I))  a(i)  5  a(w12(i),  u31(i))  ,  (5.41) 

and  similarly  for  II  -*■  ii,  IV^  -*•  iv  and  -*■  v^. 

Calculating  simultaneously  the  RH-,  RC-collision  integrals  and  the 
HR-,  CR-collision  integrals  provide  us  with  a  strong  consistency  check. 
The  independence  of  the  two  procedures  is  further  enhanced  by  the  fact 
that  a  given  set  of  values  for  the  integrating  variables  in  (5.30)  can 
never  satisfy  both  a  direct  and  a  reversed  diagram;  otherwise  we  would 
have  a  collision  sequence  containing  a  total  of  five  complete  collisions, 
which  is  known  to  be  dynamically  impossible  [10,11],  Of  course,  nothing 
prevents  a  given  point  in  the  integrating  region  of  (5.30)  from  simul¬ 
taneously  satisfying  the  conditions  for  an  RH-  and  an  RC-diagram  in  the 
direct  mode,  or  from  simultaneously  satisfying  the  conditions  for  an  HR- 
and  CR-diagram  in  the  reverse  mode. 

Operationally,  it  is  thus  a  fairly  simple  matter  to  graft  onto  the 
procedure  for  calculating  (a,a>4v  in  (5.32)  for  the  RH-  and  RC- 
integrals.  The  Monte  Carlo  procedure  for  numerically  evaluating  the 
integral  (5.32)  is  to  average  the  integrand  over  a  set  of  points 
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{p1}  =  4^,  ...»  > picked  from  a  random,  uniform  distribution  in 

the  7-dimensional  unit  cube 


(01,01) 


.  V— 1  7>/6TT2 


A  A 


=  <^(j-l)  V  *  O(cos0,)  G(cos0  ^-COS0)0 


6  cosG^sinS^ 

u2E*9/2Bcos30 


x 


{a  (I) -a  (ii)  }*{a(vy)-a(iv^ 


(5.42) 


The  uncertainty  in  estimating  this  average  with  a  finite  set  of  points 
12  M 

{p  ,  p  ,  p  }  is  given  by  the  r.m.s.  deviation  of  the  quantity  being 

averaged,  divided  by  /n.  Hence,  our  computational  algorithm  is  as  follows: 
o 

1  Generate  7  independent -random  numbers  ... ,  fi^ 

from  a  uniform  distribution  in  the  unit  interval. 

•W  A# 

2  Calculate  the  quantities  0^,  0^,  <J>3»  0,  0,  <}>,  u  (and  wj^)  from 
equations  (5*31). 

3°  From  0^,  0^  and  (j)^,  calculate  0^  and  <j>3  from  (4.148)  .  Set 

the  first  theta  function  in  (5.42)  to  0  or  1  according  to 

whether  cosG^  [see  (4.149)]  is  negative  or  positive.  If 

cos03  <  0  proceed  to  step  14°  with  all  integrands  equal 

to  zero,  noting  that  the  coordinates  ft  ,  fi  ,  ft  »  K  have 

4  5  o  7 

not  been  used  and  need  not  be  regenerated  for  the  next 
point. 
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4°  From  0i,  63  and  <63,  calculate  cosG  from  (4.98)  and 

c 

set  the  second  theta  function  in  (5.42)  to  0  or  1  accord¬ 
ing  to  whether  cos0  is  greater  or  less  than  cos0  .  If 

o 

cos9  >  cos6  ,  proceed  to  step  14  with  all  integrands 
c 

equal  to  zero,  noting  that  the  coordinates  *■_,  H 

5  6  7 

have  not  been  used  and  need  not  be  regenerated  for  the 
next  point. 

5°  Calculate  B  and  <p  according  to  (4.97)  and  (4.96). 

Calculate  6,  02  and  w^  according  to  (4.112),  (4.111) 
and  (4.114). 

o  A  * 

6  Calculate  the  vectors  k  ,  k  and  k  according  to  (4.110b,c,e) 

Calculate  the  velocities  wl2  and  wj^  according  to  (4.110a) 
and  (4.110d).  Calculate  the  velocity  w  according  to 
(4.113)  and  calculate  the  velocity  w31  according  to  (5.13). 

o  ■*“ 

7  From  the  region  II  velocities  w  and  w  and  the  colli- 

a  12  31 

sion  vector  k  ,  calculate  the  region  I  velocities  according 
to  (5.11).  Similarly,  from  the  region  III  velocities  w 

-V  /> 

and  w^  and  the  collision  vector  k^,  calculate  the  velocities 
in  region  IV^  and  IV2  according  to  (5.14)  and  (5.16) . 

8°  Set  up  the  equivalent  HR-  and  CR-diagram  quantities  in 
(5.34)  and  (5.35).  (On  the  computer  this  can  be 
accomplished  automatically  by  means  of  the  "equivalencing" 
operation.] 

9  Calculate  the  vectors  r  and  w  according  to  (5.18),  and  put 
the  dOi&ct  equal  to  1  or  0  according  to  whether  r  and  w^ 
do  or  do  not  satisfy  both  inequalities  in  (5.19).  If  the 
inequalities  are  satisfied  for  V=1  and/or  2,  calculate  the 

A 

corresponding  collision  vector  k  from  (5.20)  and  the 
corresponding  region  V  velocities  from  (5.15)  and/or  (5.17) 


201 


AEDC-TR-73-1  71 


[making  use  of  (5.21)].  if,  on  the  other  hand,  ©m  and/or 
©42  is  found  to  be  zero,  put  the  corresponding  RH-  and/or 
RC-integrands  to  zero. 

o  -*■ 

10  Calculate  the  vectors  p  and  0)^  according  to  (5.36),  and  put 

the  /leveled  ©  equal  to  1  or  0  according  to  whether  p  and 

-V  4V 

do  or  do  not  satisfy  both  inequalities  in  (5.37) .  If  the 
inequalities  are  satisfied  for  V  =  1  and/or  2,  calculate  the 

A 

corresponding  collision  vector  ic  from  (5.38)  and  the 
corresponding  region  velocities  from  (5.39)  [making  use  of 

(5.40)].  If,  on  the  other  hand,  ©41  and/or  ©42  is  found  to 
be  zero,  put  the  corresponding  HR-  and/or  CR-integrands  to 
zero. 

11°  If  none,  of  the  direct  diagrams  (RH,  RC)  or  the  reversed 
diagrams  (HR,  CR)  is  satisfied,  proceed  immediately  to 
step  14°  with  all  integrands  equal  to  zero.  If  &nij  of  the  four 
diagrams  are  satisfied,  calculate  E*  according  to  (4.127)  so 
that  all  the  quantities  in  parentheses  in  (5.42)  are  now  known, 
and  proceed  to  the  next  step. 

12°  For  each  of  the  satisfied  diagrams,  calculate  the  velocities 
w  ,  W20'  W3Q  ^or  t^ie^r  reversed  diagram  counterparts  U10, 

<jJ2o»  “30  in  all  velocity  regions  according  to  (4.139).  Then 
evaluate  the  quantities  and  in  all  velocity  regions 
according  to  (4.77)  . 

13°  Calculate  the  differences  (a(I)-a(II)}  and  -fa  (V^)  ratTV^)  } , 
or  their  reversed  diagram  counterparts  {« (i) -a(ii) }  and 
{a(v^)-a(ivv) },  for  the  appropriate  diagram  and  the  functions 
a  required  by  (5.22)  -  (5.24). 

14°  Using  the  values  found  in  the  preceeding  steps,  evaluate  the 
required  integrands  in  angular  brackets  in  (5.42),  and  also 
the  squares  of  these  integrands  (for  computing  the  variances) , 
and  add  these  to  respective  cumulating  sums. 
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15°  Return  to  1°,  and  repeat  for  as  many  times  M  as  is  practical. 

Then  convert  the  cumulating  sums  to  averages,  and  so  obtain 
the  Monte  Carlo  estimates  of  the  quantities  (5.22)  -  (5.24)  , 
as  calculated  for  both  the  "direct"  diagrams  (RH,  RC)  and  the 
"reversed"  diagrams  (HR,  CR) ,  together  with  the  uncertainties 
in  these  estimates. 

In  the  actual  calculations  extensive  use  was  made  of  the  "equivalence" 
feature  of  Fortran,  in  order  to  facilitate  nearly  simultaneous  treatments 
of  the  direct  (RH,  RC)  and  the  reversed  (HR,  CR)  diagrams.  In  addition, 
the  double-precision  mode  was  utilized  in  order  to  minimize  the  effects  of 
computer  round-off  in  the  calculation  of  certain  critical  dynamical  quanti¬ 
ties.  The  RH-,  RC-,  HR-  and  CR-averages  were  all  computed  separately.  We 
also  computed  the  sum  RH+RC,  as  required  by  (5.7) ,  as  the  average  of  the 
sum  of  the  RH-  and  RC- integrands  in  order  to  correctly  assess  the  uncer¬ 
tainties  in  the  final  answer  for  the  four-collision  contribution  to  the 
transport  coefficients;  again,  the  same  procedure  was  used  to  evaluate  the 
combined  contribution  from  the  HR-  and  CR-diagrams. 

As  in  all  our  Monte  Carlo  calculations,  an  empirically-determined 
"importance  sampling"  procedure  was  used  to  effect  a  substantial  reduction 
in  the  uncertainties  without  increasing  the  number  of  sampling  points  used. 
This  time  the  following  importance  sampling  distributions  were  used  [cf. 
(3.43)  and  the  discussion  thereof]: 
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vv 

cc 

exp  (-5^)  , 

(5.43a) 

vv 

cc 

exp(-10^2)  , 

2  2-1 

(5.43b) 

vv 

oc 

[(*3-0.5r  +  (0.05)  ] 

(5.43c) 

vv 

OC 

exp (-2. 5A.  )  , 

4 

(5.43d) 

vv 

cc 

exp[-{X-*5)I  , 

(5.43e) 

vv 

oc 

exp [-2(1-^,)]  , 

6 

(5.43f ) 

vv 

oc 

1  +  0.85  cos  (27^)  , 

(5.43g) 

On  the  basis  of  preliminary  computer  runs  made  without  importance 
sampling,  we  estimate  that  this  procedure  improved  the  efficiency  of  our 
calculations  by  a  factor  of  roughly  200;  i.e.,  we  would  have  had  to  run  on 
the  computer  for  approximately  200  hours  uicthoilt  importance  sampling  to 
obtain  results  comparable  in  accuracy  to  a  1  hour  computer  run  ujJith  importance 
sampling.  It  is  interesting  to  compare  the  above  importance  sampling  scheme 
to  that  used  in  the  special  calculation  of  the  R-diagram  in  (4.158),  inasmuch 
as  that  calculation  of  the  R-diagram  forms  the  basis  for  our  present  calcu¬ 
lation  of  the  RH-  and  RC- diagrams.  We  note  that  we  still  employ  a  strong 
bias  in  favor  of  low  A.^-  values  and  values  of  near  1/2;  but  in  addition, 
we  have  added  a  bias  in  favor  of  low  A.^-  values,  and  an  oscillatory  bias 
on  A.^. 

On  the  basis  of  the  above  importance  sampling  transformations,  we 
have  deduced  that  the  following  configurations  contribute  most  strongly  to 
the  4-collision  integrals  [cf .  Fig.  14] : 
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•  k  very  close  to  the  Y-axis. 

A  A  /V 

0  k3  very  close  to  k^,  lying  just  above  k^ 
in  the  YZ -plane. 

•  9  small 

•  very  large  for  the  "direct”  diagrams  and 
very  small  for  the  "reversed"  diagrams. 

The  last  point  reveals  that  (5.43g)  actually  represents  a  "compromise" 
between  the  direct  and  reversed  calculations.  We  might  add  that  the  reali- 

A 

zation  of  the  R-diagram  dtOYlZ  requires  only  the  above  condition  on  k^,  and 
indeed  favors  values  of  0  near  tt  over  values  near  zero. 

The  results  of  our  four-collision  calculations  are  presented  in  the 
next  section. 


5.3  Four-Collision  Results 

The  calculations  of  both  the  RH-,  RC-  and  the  HR-,  CR- integrals  were 
carried  out  in  the  manner  described  in  the  preceding  sections  by  means  of 
a  computer  program  called  Subroutine  FOUR.  In  Tables  xiv,  xv,  and  xvi  we 
present  the  results  of  four  separate  runs-of  Subroutine  FOUR.  Each  run  used 
250,000  random  points  in  the  7-dimensional  unit  cube,  and  required  approxi¬ 
mately  18  minutes  of  c.p.u.  time  on  the  NWC  Univac  1108  Computer.  The 
uncertainties  in  these  tables  represent  again  one  standard  deviation  for 
the  "runs"  and  two  standard  deviations  for  the  "averages". 

The  results  of  the  runs  are  statistically  rather  ragged,  as  is 
evidenced  not  only  by  the  fluctuations  in  the  CLV2A/ZQ2A  from  run  to  run. 
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but  even  more  by  the  fluctuations  in  the  uncertainties  associated  with 
these  averages.  In  this  respect,  the  results  would  have  been  considerably 
improved  by  a  ten-fold  increase  in  the  number  of  sampling  points  used. 
However,  what  is  most  significant  about  these  results  is  that  they  are  five 
to  six  orders  of  magnitude  smaller  than  the  Enskog  contribution  (which  is 
unity  in  our  units) ;  moreover,  compared  to  the  three-collision  results  in 
Table  XIII,  we  have 

|X*4(1)|  *  (0.2  x  i(f4)  x  |X*3(l)j 

|n*4(l)|  *  (0.3  x  lo-4)  x  |n*3(l>|  ,  (5.44) 

| D*4 (1) I  *  (1.3  x  10-4)  X  | D*4 (1) | 


Thus,  the  {  our- collision  contributions  are  roughly  (Joua  orders  orf  magnitude 
smaller  than  the  three- collision  contributions ,  and  can  therefore  be  neglected 
^Ofl  alt  practical  purposes.  This  can  be  regarded  as  the  chief  result  of  our 
four-collision  calculations.  From  earlier  preliminary  studies  of  sequences 
of  four  successive  collisions  by  Foch  and  Cohen  [19]  and  by  Sengers  [4] 
it  could  be  anticipated  that  the  effect  of  these  collision  sequences  on  the 
transport  coefficients  would  be  small.  The  study  reported  here  has  now 
definitely  established  the  order  of  magnitude  of  these  correction  terms. 

Some  remarks  should  perhaps  be  made  concerning  the  handling  of  the 
uncertainties  in  Tables  xiv,  xv  and  xvi.  We  note  that  the  total  contributions 
presented  in  Table  xvi  are  in  each  case  equal  to  the  sum  of  the  individual 
terms: 


- i  on 


V=1 


14V’ 


'14 


2 

In* 


v=i 


14VU)  and  d*4(!) 


2 

I  D* 


V=1 


14V 


(1) 
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However,  it  is  seen  that  the  uncertainties  in  X*4(l),  11*4(1)  and  D*4(l) 
are  Z.Z&&  than  what  might  be  expected  from  the  uncertainties  in  the  separate 
contributions.  It  is  emphasized,  though,  that  the  uncertainties  in  X*4(l), 
11*4(1),  D^d)  were  calculated  (LUlZdtty  in  the  Monte  Carlo  program,  by  the 
device  of  averaging  an  integrand  which  was  the  sum  of  the  integrands  of  the 
two  separate  terms  (V=l,2).  The  fact  that  the  summed  integrands  had  smaller 
uncertainties  than  expected  merely  indicates  the  presence  of  fluctuations 
in  the  separate  integrands  which  were  negatively  correlated.  We  shall  see  how 
this  came  about  more  clearly  below,  but  our  point  here  is  that  the  uncertainties 
quoted  for  A* 4  (1) ,  11*4  (1) ,  and  0*4(1)  in  Table  xvi  were  honestly  obtained.  In 
calculating  the  uncertainties  in  the  UveAagZi  in  Tables  xiv,  xv,  and  xvi,  we 
used  again  the  rule  that  the  two-standard  deviation  uncertainty  in  the  average 
of  four  repeated  Monte  Carlo  runs  is  equal  to  the  square  root  of  the  average 
of  the  AquRFieA  of  the  OH£-standard  deviations  which  were  found  in  the  runs. 

This  is  a  generalization  of  the  usual  rule  (namely,  that  the  coni-tant  one- 
standard  deviation  found  in  four  repeated  runs  can  be  regarded  as  two 
standard  deviations  for  the  average  of  the  four  runs)  to  cover  the  case  in 
which  the  uncertainties  in  the  repeated  runs  voJllj  from  run  to  run. 

The  crucial  check  on  our  calculations  lies  in  comparing  the  results 
for  the  RH-  and  RC-integrals  (top  part  of  Tables  xiv  and  xv)  with  the 
results  for  the  HR-  and  CR-integrals,  respectively  (bottom  part  of 
Tables  xiv  and  xv) .  The  agreement  is  seen  to  be  quite  good,  considerably 
better,  in  fact,  than  the  agreement  between  different  runs.  This  consti¬ 
tutes  a  very  strong  consistency  check  on  our  calculations  of  the  four- 
collision  integrals. 
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Our  final  results  for  the  four-collision  contributions  are 
summarized  in  Table  XIV..  These  values  were  obtained  by  regarding  the 
runs  represented  in  Table  xvi  as  eight  independent,  statistically  equiva¬ 
lent  runs.  We  note  that  the  RH-  (=  HR-)  integrals  are  all  negative  and 
that  the  RC-  (=  CR-)  integrals  are  all  positive.  The  RH-integrals  yield 
the  dominant  contributions;  the  resultant  four-collision  contributions  are 
thus  all  negative,  although  in  the  case  of  the  thermal  conductivity  our 
statistics  will  evidently  admit  a  small  positive  value,  or  even  the  null 
value.  Again,  in  view  of  the  extreme  smallness  of  these  four-collision 
quantities,  their  precise  values  are  not  terribly  important. 

We  conclude  with  a  few  remarks  concerning  the  efficiencies  of  these 
four-collision  calculations: 

1°  Of  the  one  million  points  sampled  in  the  four  runs,  48%  were 

found  to  satisfy  the  basic  R-diagram.  Of  these,  0.48%  satisfied 
at  least  one  of  the  direct  diagrams,  while  0.51%  satisfied  at 
least  one  of  the  reversed  diagrams. 

2°  The  percentage  breakdown  of  all  the  points  that  satisfied 
either  an  RH-  or  an  RC-diagram  was  (rather  surprisingly) 
essentially  the  same  as  that  of  the  points  that  satisfied 
either  an  HR-or  a  CR-diagram.  .This  percentage  was  as 
follows : 

99.9%  satisfied  RH  , 

71%  satisfied  RC  , 

29%  satisfied  RH  only  , 

0.1%  satisfied  RC  only  , 

71%  satisfied  RH  and  RC 
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Table  XIV 


Summary  of  Four-Collision  Results 


Coef .  = 

— 

RH-contribution  + 

RC-contribution  = 

Total 

AL(1> 

(-0.06+0.07) xlO-5 

(+0.04+0. 03) xio"5 

(-0.02^3. 06) X10~5 

\4(1) 

(-0.21+0.04) xio"5 

(+0.11+0. 03)  xio-5 

(-0.10+0.03) xio”5 

D>> 

-5 

( •”0.69+0. 09) xio  J 

(+0. 25+0,04) xio'5 

(-0.44+0.08) xio”5 

Note:  All  uncertainties  represent  95%  confidence  limits. 
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What  is  noteworthy  about  these  figures  is  that  they  imply  that  the 
RC-integrating  region  is  about  7/10  the  size  of  the  RH-integrating 
region,  and  is  aJbnoit  whoZJLy  contained  Zn&idz  the  RH-integrating  region 
This  large  overlap  between  the  RH-  and  RC-integrating  regions  is  what 
allowed,  e.g.,  the  uncertainty  in  Xfit(i)  to  be  considerably  less  that  the 
combined  uncertainties  in  X*4i(l)  and  X*42(l). 

While  the  foregoing  efficiency  figures  are  interesting,  one  ought  not 
to  read  too  much  into  them,  since  they  are  all  relative  to  the  particular 
set  of  dynamical  variables  used  as  well  as  the  nature  of  the  importance 
sampling  procedures  employed.  The  point  is  that  the  Size,  of  an  integrating 
region  can  be  changed  simply  by  changing  the  integrating  variables:  only 
the  £u£L  JLwbLQh/lZ.  is  invariant  with  respect  to  which  set  of  integrating 
variables  is  employed. 
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Chapter  VI 
CONCLUSIONS 


6.1  Summary  of  Results 

We  may  now  collect  and  combine  the  results  of  the  calculations  in 
the  preceding  three  sections  to  obtain  the  YloX  three-body  contributions 
to  the  linear  density  transport  coefficients  in  the  first  Sonine  approxi¬ 
mation.  These  final  results  are  given  in  Table  XV.  In  considering 
Table  XV  we  recall  from  (2.21)  that  the  kinetic  contributions  to  the  first 
density  coefficients  can  be  written  in  the  Nth  Sonine  approximations  as 


^(N)  = 


-  TTO*  X0(N)  l  X*  (N) 
y=l 


nf  (N)  = 


y§  to3  n#(N)  l  n*y(K) 


D^(N)  = 


-  mx3  D0(N)  l  D*y(N) 


4 

l 

)i=l 


(6.1) 


Here  Xq(N),  rio  (N)  and  Do  (N)  are  the  Nth  Sonine  approximation  to  the 
transport  coefficients  in  the  dilute  limit  as  given  by  the  Boltzmann 
equation,  and  O  is  the  diameter  of  the  hard  sphere  molecules. 

In  these  equations,  the  y=l  terms  are  the  "double-overlap" 
contributions  which  we  have  previously  shown  to  be  identical  with  the 
contributions  estimated  by  Enskog  [3] .  Our  definitions  are  such  that 
these  y=l  terms  are  unity  in  all  Sonine  approximations.  The  remaining 
terms,  the  y=2  "single-overlap'  contributions,  the  y=3  "three-collision" 
contributions,  and  the  y=4  "four-collision"  contributions,  are  the 
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Table  XV 

Summary  of  Three-Particle  Collision  Contributions  to  the 
Transport  Coefficients  in  the  First  Bonine  Approximation 


Coef.  1 

1  (W“l) 

►  (V=2) 

►  (M-3)  i 

1 

(M=4) 

1  Total 

XV1} 

1 

-0.0303+0.0003 

-0.0128+0.0005 

1-0.02+0.06)  x  10-5 

1  -  (0.0431+0.0006) 

1 

-0.0633+0.0004 

+0. 0376+0. 0005 

'  (-0.10+0.03)  X  10-5 

1  -  (0.0257+0.0007) 

d  1|(M 

**  • 

1 

-0.1195+0.0005 

+0.0345+0.0013 

(-0.44+0.08)  x  10-5 

1  -  (0.0850+0.0014) 

Note:  Uncertainties  represent  95%  confidence  limits. 
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values  tabulated  in  Table  XV  in  the  first  Sonine  approximation.  From 
(2.18)  and  Table  XV  we  thus  conclude 


KK  5  a 

(1)  =  -  j^na3  XQ  [1-  (0,0431  ±  0.0006)] 

U)  =  -  f^O3  n0  11“  (0,0257  ±  0.0007)] 

Dl(1)  =  “  l?7^3  D0  I1_{-0*0850  1  0*0014)] 


(6.2) 


We  see  that  the  net  effect  of  the  t=2,3,4  contributions  is  to  dz.CAQA&t 
the  Enskog  value  by  roughly  4.3%  for  the  thermal  conductivity,  2,6%  for 
the  viscosity,  and  8.5%  for  the  self-diffusion,  in  the  first  Sonine 
approximat ion , 

The  values  quoted  in  Table  XV  all  correspond  to  the  first  Sonine 
approximation  .  This  approximation  is  entirely  adequate  to  determine  the 
relative  contributions  of  the  various  three-particle  collisions  to  the 
transport  properties.  With  respect  to  the  absolute  value  of  these  contri¬ 
butions,  we  found  in  Chapter  III  that  the  results  for  y=2  changed  somewhat 
when  going  to  higher  Sonine  approximations,  namely,  by  3%  for  the  viscosity 
n£2»  4%  for  the  self-diffusion  D*2  and  around  24%  for  the  thermal  conductivity 
X*2«  It  is  reasonable  to  expect  that  the  higher  Sonine  approximation  could 
affect  the  three-collision  results  (h*^r  D*.j,  X*3)  a  similar  amount.  The 
contributions  due  to  four  successive  collisions  (]i=41  have  been  definitely 
established  to  be  negligibly  small. 

An  announcement  of  these  results  was  included  in  a  paper  presented  at 
the  International  Symposium  ”100  Years  Boltzmann  Equation"  in  Vienna  T20] . 

It  should  be  noted  that  (6.2)  represents  only  the  effect  of  three- 
particle  collisions  on  the  first  density  corrections  to  the  transport 
properties.  The  full  first  density  coefficients  are  given  by  (1.2)  and 


(1.3)  . 
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or 


and 


X,  -  irff3X0[±  -  -jf-  <1  +  *!„>  ] 

tu  =  ™3n.  [f5  -f2  f  1  +  I  Xjy}|  . 


(6.3) 


(6.4) 


(6.5) 


The  factors  in  front  of  the  brackets  in  (6.4)  and  (6.5)  represent  the 
predictions  of  the  theory  of  Enskog.  Using  the  values  of  Table  XV  we 
conclude  that  the  actual  first  density  coefficients  are 


(6.6) 


where  the  numbers  refer  again  to  the  first  Sonine  approximation.  Thus 
the  sequences  of  2,  3,  and  4  successive  collisions  modify  the  Enskog  values 
for  the  to&uL  first  density  coefficients  by  4.7%  for  the  thermal  conduc¬ 
tivity,  9.2%  for  the  viscosity  and  8.5%  for  the  self-diffusion. 


A  (1)  =  ■  TTO^Xn  [1  +  (0.0468  +  0.0007)] 

1  60  u  — 

r^l)  =  TT03r)o  [1  +  (0.0918  +  0.0025)] 
D.  (1)  =-7rTO3D0  £1  +  (0.0850  +  0.0014)] 
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6.2  Discussion  of  Results 


Our  results,  presented  in  (6.2)  and  (6.6)f  show  that  the  theory  of 
Enskog  accounts  for  over  90%  of  the  total  three-particle  collision 
contribution.  In  Chapter  I  we  mentioned  that  the  theory  of  Enskog  [y=l 
in  (6.1)]  incorporates  only  excluded  volume  effects.  The  next  term 
(y=2)  contains  some  excluded  volume  effects  via  the  single-overlap 
collisions  and  some  dynamical  effects  via  sequences  of  two  successive 
collisions;  from  Table  XV  we  see  that  the  magnitude  of  this  term  is  of 
the  order  of  10%  or  less  compared  to  the  Enskog  value.  The  contributions 
from  sequences  of  three  successive  collisions  (y=3)  is  even  slightly 
smaller,  while  the  contributions  from  sequences  of  four  successive 
collisions  (y=4)  appears  to  be  negligible.  As  mentioned  in  Chapter  I,  the 
y^3  and  y=4  terms  represent  effects  that  are  of  a  purely  dynamical  nature. 

The  density  dependence  of  the  equilibrium  properties  of  a  gas  of 
hard  spheres  is  completely  determined  by  excluded  volume  effects.  We 
conclude  that  the  density  dependence  of  non- equilibrium  properties,  such 
as  the  transport  properties,  is  dominated  by  the  same  excluded  volume 
effects.  The  terms  accounting  for  dynamical  correlations  due  to  sequences 
of  successive  collisions  can  profitably  be  treated  as  correction  terms 
to  the  theory  of  Enskog. 

A  first  attempt  to  estimate  the  effect  of  three-particle  collisions 
on  the  transport  coefficients  was  made  by  Sengers.  He  concluded  from 
preliminary  results  [4,6,7,21] 
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[1- (0.05  +  0.02)]  , 

[1-  (0.04  +  0.01)]  ,  (6.7) 

[l-(0.09  +  0.04)] 

These  results  were  obtained  before  the  three-particle  collision  integrals 
were  separated  according  to  the  number  of  successive  collisions.  Our  new 
more  precise  results  in  (6.2)  evidently  are  in  agreement  with  and  improve 
upon  these  earlier  preliminary  estimates. 

In  principle,  it  is  also  possible  to  compute  the  transport  coefficients 
as  a  function  of  density  by  molecular  dynamics  computations.  For  a  gas 
of  hard  spheres  such  a  study  was  made  by  Alder  and  coworfcers  [22,23]. 
However,  while  this  method  has  been  rather  successful  at  high  densities, 
molecular  dynamics  calculations  become  inaccurate  at  low  densities  and 
they  do  not  yield  accurate  predictions  for  the  first  density  coefficients 
Al ,  hi,  and  Di .  In  practice,  therefore,  our  results  complement  the 
molecular  dynamics  work  of  Alder  et  al.  by  providing  accurate  estimates 
for  the  transport  properties  at  moderate  densities. 


xfti)  =-|2  0 

ry^'U)  —  f-2  "cySno 
Di (1)  “  ’  12  7rcf3DB 
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APPENDIX 


TABLES  OF  THREE-PARTICLE  COLLISION  INTEGRALS 
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Table  i 


The  Coefficients  ^12  D12  from  7-Dimensional  Monte  Carlo 


First  Sonine  approximation:  N=1 

,  * 

* 

* 

Run 

hi'1' 

*12™ 

D12(D 

1 

-0.0297+0.0003 

-0.062910.0004 

-0.119210.0004 

2 

-0.0300±0.0003 

-0.063210.0004 

-0.120110.0004 

3 

-0.030710.0003 

-0.063610.0004 

-0.119610.0005 

4 

-0.0307+0.0003 

-0.0634+0.0004 

-0.119210.0005 

AVG 

-0.0303+0.0003 

-0.063310.0004 

-0.119510.0005 

Second  Sonine  approximation:  N=2 

,  * 

* 

* 

Run 

x12(J) 

"12 <a 

Dl2(2) 

-0.0242+0.0003 

-0.061810.0004 

-0.115710.0004 

-0.0245+0.0003 

-0.062110.0004 

-0.116610.0004 

-0.025110.0003 

-0.0624+0.0004 

-0.115910.0005 

4 

-0.025210.0003 

-0.062210.0004 

-0.115610.0005 

AVG 

-0.024810.0003 

-0.062110.0004 

-0.1160+0.0005 

Note:  Uncertainties  in  "runs"  represent  one  standard  deviation  and 
uncertainties  in  "averages”  represent  two  standard  deviations. 
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Table  ii 


Matrix  Elements 


so 

*kr 


hso 

bk  v 


from  7-Dimensional  Monte  Carlo 


80 

so 

so 

SO 

Run 

aii 

ai2 

a21 

a22 

D 

+0.0297± 0.0003 

-0.0330±0.0002 

-0.032910.0002 

-0.026010.0006 

+0.0300± 0.0003 

-0 . 0329±0. 0002 

-0.032910.0002 

-0.025510.0006 

n 

+0.030710.0003 

-0.0333±0.0002 

-0.033510. 0002 

-0. 024510.0006 

H 

+0.03071 0.0003 

-0.0328±0.0002 

-0.033010.0002 

-0. 024410.0006 

AVG 

+0.0303± 0.0003 

-0,0330± 0.0002 

-0.0331+0.0002 

-0.0251+0.0006 

,  so 

so 

so 

s° 

Run 

boo 

b01 

bio 

bll 

m 

+0.062910.0004 

-0.0192±0.0002 

-0.019110. 0002 

+0.066610.0007 

B 

+0.0632±0.0004 

-0.0192±0.0002 

-0 . 0193±0 .0002 

+0.066610.0007 

+0.063610.0004 

-0. 019810.0002' 

-0.0198+0.0002' 

+0.067710.0007 

B 

+0.063410.0004 

-0.01951 0.0002 

-0.01961 0.0002 

+0,067310.0007 

AVG 

+0.0633±0.0004 

-0.0194±0,0002 

-0.019510.0002 

+0.0671+0,0007 

Run 

1  SO 

so 

so 

SO 

coo 

C01 

cio 

C11 

B 

+0. 119210.0004 

-0 .03961 0. 0003 

-0. 039310.0003 

-0.032410. 0008 

B 

+0.1201± 0.0004 

-0.04001 0.0003 

-0,03991 0.0003 

-0.03321 0.0008 

+0.1196±0.0005 

-0.0406±0.0003 

-0,04021 0.0003 

-0,030510.0008 

B 

•  +0.1192± 0.0005 

-0.039910. 0003 

-0. 040U0. 0003 

-0,030710.0008 

AVG 

+0.1195±0.0005 

-0.040010,0003 

-0.039910.0003 

-0.031710.0008 

Note:  Uncertainties  in  "runs"  represent  one  standard  deviation  and 
uncertainties  in  "averages"  represent  two  standard  deviations. 
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Table  iii 


Comparison  with  Previous  Single-Overlap  Results 


AEDC-TR-71-51[5] 

This  work 

so 

all 

+0.028+0.002 

+0.0303+0.0003 

so 

a!2 

-0.033+0.001 

-0.0330+0.0002 

so 

a21 

-0.033+0.001 

-0.0331+0.0002 

so 

a22 

-0.028+0.003 

-0.0251+0.0006 

bS° 

00 

+0.063+0.002 

+0.0633+0.0004 

w30 

b0l 

-0.019+0.001 

-0.0194+0.0002 

KSO 

b10 

-0.020+0.001 

-0.0195+0.0002 

KSO 

bll 

+0.063+0.004 

+0.0671+0.0007 

so 

coo 

+0.118+0.002 

+0.1195+0.0005 

so 

coi 

-0.039+0.001 

-0.0400+0.0003 

so 

C10 

-0.040+0.001 

-0.0399+0.0003 

so 

C11 

-0.032+0.003 

-0.0317+0.0008 

*12 

-0.028+0.002 

-0.0303+0.0003 

**2U) 

-0.023+0.002 

-0.0248+0.0003 

4(1) 

-0.063+0.002 

-0.0633+0.0004 

n*2 (2> 

-0.062+0.002 

-0.0621+0.0004 

<2(1) 

-0.118+0.002 

-0.1195+0.0005 

D*2(2) 

— 

-0.115+0.002 

-0.1160+0.0005 

Note:  Uncertainties  represent  two  standard  deviations  or 
95%  confidence  limits. 
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Successive  Sonine  Approximations  from  11-Dimensional  Monte  Carlo 


,  * 

*  * 

„  *  ,  * 

Run 

i12a> 

Xi2(3)-Xi2(2) 

X12M>-X12(3) 

1 

-0.029±0.001 

+0.005810.0003 

+0.001510.0001 

+0.0003810.00003 

2 

-0.02910.001 

+0.005710.0003 

+0.001310.0001 

+0.0003410.00004 

3 

-0.03210.001 

+0.006010.0004 

+0.001410.0001 

+0.00036±0. 00003 

4 

-0.03110.001 

+0.005410.0003 

+0.001410.0001 

+0.0003110.00003 

AVG 

-0.03010.001 

+0.005710.0003 

+0.001410.0001 

+0.0003510.00003 

* 

*  * 

*  * 

Run 

ni2(1) 

ni2(2)-ni2*1) 

ni2(3)‘ni2(2) 

1 

-0.06610.001 

+0.001010.0003 

+0.0003410.00006 

2 

-0.06210.001 

+0.001310.000? 

+0.00032+0.00005 

3 

-0.06310.001 

+0.0013+0.0002 

+0.00044+0.00006 

4 

-0.06210.001 

+0.001210.0002 

+0.00041+0.00006 

AVG 

-0.06310.001 

+0.001210.0003 

+0.0003810.00006 

* 

*  * 

*  * 

Run 

D!2(1) 

DU,2>-d12(1> 

Di2(3)-Di2(2) 

1 

-0.12010.002 

+0.004010.0004 

+0.001U0.0001 

2 

-0.117+0.002 

+0.003910.0003 

+0.001H0.0001 

3 

-0.11710.002 

+0.003410.0003 

+0.001U0.0001 

4 

-0.121+0.002 

+0.002810.0004 

+0.000910.0001 

AVG 

-0.11910.002 

+0.003510.0004 

+0.0011±0.0001 

— 

Note 


Uncertainties  in 
uncertainties  in 


runs"  represent  one  standard  deviation  and 
averages"  represent  two  standard  deviations 
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Table  vi 


Comparison  Between  7 -Dimensional  and  11-Dimensional  Monte  Carlo  Results 


matrix  elements 

7-dimensional 

Monte  Carlo 

11-dimensional 
Monte  Carlo 

SO 
a, , 

+0.0303+0.0003 

+0.030+0.001 

ii 

so 
a,  « 

-0.0330+0.0002 

-0.034+0.002 

12 

i  So 

-0.0331+0.0002 

-0.034+0.002 

21 

SO 

-0.0251+0.0006 

-0.027+0.006 

22 

bS° 

+0.0633+0.0004 

+0.063+0.001 

00 

b“ 

-0.0194+0.0002 

-0.020+0.003 

01 

b“ 

-0.0195+0.0002 

-0.020+0.003 

10 

b®° 

+0.0671+0.0007 

+0.061+0.007 

11 

SO 

c„ 

+0.1195+0.0005 

+0.119+0.002 

00 

SO 

-0 . 0400+0 . 0003 

-0.039+0.003 

01 

SO 

c,  ^ 

-0.0399+0.0003 

-0.040+0.003 

10 

SO 

c, , 

-0.0317+0.0008 

-0.026+0.008 

11 

X*2(2)-XJ2(1> 

+0.0055+0.0001 

+0.0057+0.0003 

u*2(2)-u;2(i) 

+0.0012+0.0001 

+0.0012+0.0003 

d;2(2)-d*12(d 

. 

+0.0035+0.0001 

+0.0035+0.0004 

Note:  Uncertainties  represent  two  standard  deviations. 
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Tabel  vii 


EVD  Collision  Collision  from  7-Dimensional  Monte  Carlo 


First  Sonine  approximation:  N=1 


Run 

C,(1> 

W1* 

devd(1) 

1 

-0.0260± 0.0004 

-0.052510.0004 

-0.094910. 0004 

2 

-0.0264± 0.0004 

-0.053210.0004 

-0.094810. 0004 

3 

-0.0261±0.0004 

-0.052910.0004 

-0.094610. 0004 

4 

-0.0260±0.0004 

-0.0522+0.0004 

-0.094510.0004 

AVG 

-0.0261±0.0004 

-0.052710.0004 

-0.094710.0004 

Second  Sonine  approximation:  N=2 

_  * 

* 

* 

Run 

L_(2) 

EVD 

’W12’ 

devd(2) 

1 

-0.0214±0.0004 

-0.051410.0004 

-0.0917+0.0004 

2 

-0. 0219±0.0004 

-0.052010.0004 

-0.0916+0.0004 

3 

-0.021510.0004 

-0.051710.0004 

-0.091410.0004 

4 

-0.021410.0004 

-0.051110; 0004 

-0.0913+0.0004 

AVG 

-0.021510-.0004 

-0.0516±0.0004 

-0.091510.0004 

Note: 


Uncertainties  in 
uncertainties  in 


"runs"  represent  one  standard  deviation  and 
"averages"  represent  two  standard  deviations. 
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Table  viii 


R-Collision  Integrals 


Run 

XLl(l> 

ni31(1) 

D131U) 

results  from  Subroutine  RHC 

1 

+0.012710.0002 

+0.010210:0003 

+0.0968±0.0007 

2 

+0.0129+0.0002 

+0.010510.0003 

+0.097810.0007 

3 

+0.012910.0002 

+0.009610.0003 

+0.097210.0008 

4 

+0.0128+0.0002 

+0.010410.0003 

+0.0979±0.0007 

5 

+0.012810.0002 

+0.010110.0003 

+0.098610.0008 

6 

+0.012710.0002 

+0.010310.0003 

+0.0992+0.0008 

7 

+0.0128+0.0002 

+0.010210.0003 

+0.098210.0008 

8 

+0. 012710. 0002 

+0.009810.0003 

+0.0968+0.0008 

AVG 

+0.012810.0002 

+0.010U0.0003 

+0.097810.0008 

results  from  Subroutine  RECOLL 

1 

+0.0129+0.0002 

+0.009510.0003 

+  0.098610.  0008 

2 

+0.012710.0002 

+0 . 0099±0 . 0003 

+0.0978+0.0008 

3 

+0.012810.0002 

+0.010210.0003 

+0.098410.0008 

4 

+0.012710.0002 

+0.0102+0.0003 

+0.098610.0008 

AVG 

+0.0128+0.0002 

+0.010010.0003 

+0.0984+0.0008 

averages 

of  all  runs  above 

GRAND 

+0.012810.0002 

+ 0.0101±0. 0003 

+  0.098010.0008 

AVG 

Note: 


Uncertainties  in 
uncertainties  in 


"runs"  represent  one  standard  deviation,  and 
"averages"  represent  two  standard  deviations. 
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Table  lx 


H-Collision  Integrals 


Run 

*132 

ni32(1) 

D132(1) 

1 

-0.03 0410; 0004 

+0.027210.0004 

-0.091410.0008 

2 

-0.0307± 0.0004 

+0.027410.0004 

-0.091210. 0008 

3 

-0. 03 12t 0.0004 

+0.028010.0004 

-0.091810.0008 

4 

-0.030610.0004 

+0.0276±0.0004 

-0.092410.0008 

|  AVG 

-0.0307± 0.0004 

+0.027610.0004 

-0.091710.0008 

Table  x 


C-Collision  integrals 


Run 

*133 (1) 

ni33(1) 

d133(D 

1 

+0.005210.0003 

-0.000310.0002 

+0.027510.0006 

2 

+0.005010.0003 

-0.000210, .0002 

+0.028710.0006 

3 

+0.004910.0004 

-0.000210.0003 

+0.028710.0011 

4 

+0.005510.0003 

+0.000210.0002 

+0.027710.0005 

AVG 

+0.005110.0003 

-0.000110.0002 

+  0.028210,.  0007 

Note:  Uncertainties  in  "runs"  represent  one  standard  deviation,  and 
uncertainties  in  "averages"  represent  two  standard  deviations. 
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Table  xi 


Total  contributions  from  three  successive  collisions 


Run 

a*3u> 

n;3u> 

D13(1) 

1 

-0.0125+0.0005 

+0.037110.0005 

+0.032910.0012 

2 

-0.0129±0.0005 

+0.037710.0005 

+0.035210.0012 

3 

-0.0134±0.0006 

+0.037310.0006 

+0.034010.0015 

4 

-0.0123+0.0005 

+0.038210.0005 

+0.033310.0012 

AVG 

-0.0128+0.0005 

+0.037610.0005 

+0.033910.0013 

Note: 


Uncertainties  in  "runs"  represent  one 
uncertainties  in  "averages"  represent 


standard  deviation,  and 
two  standard  deviations 
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Table  xii 


SN-  and  NS -Collision  Integrals 


SN-integrals  from  Subroutine  OVRLAP 

.  * 

* 

* 

Run 

XSN(U 

dsn{1) 

1 

-0.0038±0.G002 

-0.010510*0003 

-0.0250+0.0004 

2 

-0.003810. 0002 

-0.010210.0003 

-0.0251+0.0004 

3 

-0.0038+0.0002 

-0.010810.0003 

-0.0249+0.0004 

4 

-0.003710. 0002 

-0.010110.0003 

-0.0255+0.0004 

AVG 

-0.003810.0002 

-0 . 01Q4±0 . 0003 

-0.0251+0.0004 

NS-lntegrals  from  Subroutine  RHC 

„  * 

* 

* 

Run 

Vs'11 

dns(1) 

1 

-0.004110:0003 

-0.010910. 0004 

-0.0251+0.0006 

2 

-0.003610.0003 

-0.010510.0004 

-0.0245+0. 0006 

3 

-0.004010.0003 

-0.010010.0004 

-0.0243+0.0006 

4 

-0.004110.0003 

-0.0105+0.0004 

-0.0250+0.0006 

AVG 

-0.004010.0003 

-0.010510.0004 

-0.0247+0.0006 

Note: 


Uncertainties  in 
uncertainties  in 


"runs"  represent  one  standard  deviation,  and 
"averages"  represent  two  standard  deviations. 
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Table  xiii 


Combined  Contributions  from  H-  and  NS-Collisions 


Hun 

^(1Ks{15 

D>Ks(1) 

from  Subroutine  RHC  ignoring  condition  T<T2 

1 

-0.0346+0.0007 

+0.0180+0.0007 

-0.1173+0.0013 

2 

-0.0342+0.0006 

+0.0167+0.0007 

-0.1180+0.0013 

3 

-0.0347+0.0006 

+0.0170+0.0007 

-0.1181+0.0013 

4 

-0.0338+0.0007 

+0.0172+0.0007 

-0.1158+0.0013 

AVG 

-0.0343+0.0007 

+0.0172+0.0007 

-0.1173+0.0013 

from  Subrou 

bine  RHC  and  Subroutine 

3VRLAP 

with  integrand  A+0B  replaced  with  0B 

AVG 

-0.0345+0.0006 

+0.0172+0.0007 

-0.1168+0.0012 

Note: 


Uncertainties  in  "runs"  represent  one  standard  deviation,  and 
uncertainties  in  "averages"  represent  two  standard  deviations. 
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Table  xiv 


RH-  and  HR- Integrals 


RH-Integrals 

Run 

n^iCHxio5 

D141  {1)*1q5 

1 

-0.07+0.11 

—0. 26+0. 06 

-0.80+0.14 

2 

-0.08+0.08 

-0.23+0.04 

-0.69+0.11 

3 

+0.05+0.06 

-0.13+0.02 

-0.42+0.05 

4 

-0.12+0.09 

-0.24+0.06 

-0.60+0.09 

AVG 

-0.08+0.09 

-0.21+0.05 

-0.63+0.10 

HR-Integrals 

Run 

X141(1,X1°5 

ni4id)xio5 

dIai{1)x1°5 

1 

-0.20+0.06 

-0.23+0.04 

-0.67+0.09 

2 

-0.06+0.10 

-0.24+0.06 

-0.77+0.16 

3 

+0.16+0.14 

-0.11+0.05 

-0.82+0.19 

4 

-0.07+0.07 

-0.22+0.05 

-0.71+0.11 

AVG 

-0.04+0.10 

-0.20+0.05 

-0.75+0.14 

Note:  Uncertainties  in  "runs"  represent  one  standard  deviation  and 

uncertainties  in  "averages"  represent  two  standard  deviations. 
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Table  xv 


RC-  and  CR-Integrals 


RC-Integrals 

Run 

**42<1>X1°5 

i*142<i»ao5 

B'142CDxio5 

1 

+0.04+0.04 

+0.12+0.03 

+0.28+0.06 

2 

+0.05+0.02 

+0.09+0.02 

+0.23+0.04 

3 

-0.02+0.04 

+0.07+0.02 

+0.20+0.03 

4 

+0.04+0.05 

+0.13+0.04 

+0.23+0.04 

AVG 

+0.03+0.04 

+0.10+0.03 

+0.24+0.04 

CR-Integrals 

Run 

**42(U*io5 

nJ42u>*io5 

D*42(1)X1°5 

1 

+0.07+0.03 

+0.12+0.03 

+0.23+0.05 

2 

+0.09+0.05 

+0.16+0.05 

+0.27+0.05 

3 

+0.04+0.03 

+0.08+0.02 

+0.30+0.07 

4 

+0.01+0.04 

+0.11+0.04 

+0.27+0.05 

AVG 

+0.05+0.04 

+0.12+0.04 

+0.27+0.06 

Note:  Uncertainties  in  "runs"  represent  one  standard  deviation  and 
uncertainties  in  "averages"  represent  two  standard  deviations. 
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Table  xvi 


Total  Contributions  from  Four  Successive  Collisions 


RH  +  RC 

Run 

A*  (l)xio5 

14 

n*  (i)xio5 

D*  (1)X105 

14 

1 

-0.03+0.10 

-0.14+0.06 

-0.52+0.13 

— 

2 

-0.13+0.07 

-0.14+0.04 

-0.46+0.09 

— 

3 

+0.03+0.04 

-0.06+0.02 

-0.22+0.03 

4 

-0.08+0.08 

-0.11+0.03 

-0.37+0.07 

AVG 

-0.05+0.08 

-0.11+0.04 

-0.39+0.09 

HR  +  CR 

Run 

A*4(1)X105 

r|*4(l)xlo5 

d*4(1)x  lo5 

1 

-0.13+0.05 

-0.11+0.03 

-0.44+0.07 

2 

+0.03+0.08 

-0.08+0.04 

-0.50+0.12 

3 

+0.20+0.13 

-0.03+0.05 

-0.52+0.17 

4 

-0.06+0.05 

-0.11+0.03 

-0.44+0.09 

AVG 

+0.01+0.08 

-0.08+0.04 

-0.48+0.12 

Note:  Uncertainties  in  "runs"  represent  one  standard  deviation  and 

uncertainties  in  "averages"  represent  two  standard  deviations. 
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